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rn ■ 1 Introduction 

A Horn finite triangulated ii'-category T, with suspension functor ^ : T — > T, is called 
Calabi-Yau (see [30]), when there is a natural number n such that ^ is a Serre functor (i.e. 

^S ■ DHora']-{X^ — )) and Homj-{—, ^" X) are naturally isomorphic as cohomological functors T°^ — > 

3 I K — mod). In such a case, the smallest natural number m such that ^™ is a Serre functor is called 

" " " the Calabi-Yau dimension (CF-rfzmenszon for short) of 7". Calabi-Yau triangulated categories ap- 

pear in many fields of Mathematics and Theoretical Physics. In Representation Theory of algebras, 
the concept plays an important role in the study of cluster algebras and cluster categories (see [29]). 
When A is a self-injective finite dimensional (associative unital) algebra, its stable module 
category A— mod is a triangulated category and the Calabi-Yau condition on this category naturally 
appears and has been deeply studied (see, e.g., [14], [6], [17], [13], [26], [27],...). The concept is 
related with that of Frobenius Calabi-Yau algebra, as defined by Eu and Schedler ([T7|). The 
algebra A is called Calabi-Yau Frobenius when ri^t^(A) is isomorphic to -D(A) = lloniK{A,K) 
as A-bimodule, for some integer r > 0. If the algebra A is Calabi-Yau Frobenius, then A — m,od 
is Calabi-Yau and the Calabi-Yau dimension of this category is less or equal than the smallest r 
such that rj^e (A) is isomorphic to D{A), a number which is called here the Calabi-Yau Frobenius 
dimension of A. In general, it is not known whether these two numbers are equal. 

A basic finite dimensional algebra A is self-injective precisely when there is an isomorphism 
of A-bimodules between -D(A) and the twisted bimodule lA,,, for some automorphism rj of A. 
This automorphism is uniquely determined up to inner automorphism and is called the Nakayama 
automorphism of A (see section 2 for more details). Then the problem of deciding when A is Calabi- 
Yau Frobenius is part of a more general problem, namely, to determine under which conditions 
f2^c(A) is isomorphic to a twisted bimodule lA^, for some automorphism ip of A, which is then 
determined up to inner automorphism. By a result of Green-Snashall-Solbcrg ([23|). this condition 



on a finite dimensional algebra forces it to be self-injective. When Lp is the identity (or an inner 
automorphism) , the algebra A is called "periodic and the problem of determining the self-injective 
algebras which are periodic is widely open. However, there is a lot of work in the literature were 
several classes of periodic algebras have been identified (see, e.g., [9], [15], [E])- Even when an 
algebra A is known to be periodic, it is usually hard to calculate explicitly its period, that is, the 
smallest of the integers r > such that fl^a (A) is isomorphic to A as a bimodule. 

Another interesting problem in the context of finite dimensional self-injective algebras is that 
of determining when such an algebra is weakly symmetric or symmetric. An algebra is symmetric 
when D{A) is isomorphic to A as a A-bimodule. This is equivalent to saying that the Nakayama 
functor Z?_ffoTOA(— , A) = D{A) (^a — : A — Mod — > A — Mod is naturally isomorphic to the 
identity functor. The algebra is weakly symmetric when this functor just preserves the iso-classes 
of simple modules. 

In this paper we tackle the problems mentioned above for a special class of finite dimensional 
self-injective algebras, which has deserved a lot of attention in recent times. Following [15], if A 
is one of the Dynkin quivers A^, D^ of E„ {n = 6,7,8), an m-fold mesh algebra of type A is 
the mesh algebra of the stable translation quiver ZA/G, where G is a weakly admissible group of 
automorphisms of ZA (see subsections 14.11 and 14 . 2 1 for definitions and details). By a result of Dugas 
([13) [Theorem 3.1]), the m-fold mesh algebras are precisely the mesh algebras of translation quivers 
which are finite dimensional. This class of algebras properly contains the stable Auslander algebras 
of all standard representation-finite self-injective algebras (see [13]) and, also, the Auslander- Reiten 
algebras of several hypersurface singularities (see [T^ [Section 8]). Moreover, by 9 [Section 6], all 
the algebras in the class are periodic. 

After earlier work in [6, and [Ml, the determination of the stable Auslander algebras A of a 
representation-finite self-injective algebra such that A — mod is Calabi-Yau is done in [13, and |27j . 
In the first of these two papers, Dugas identifies such an algebra by its type (A,/, i)), as defined 
by Asashiba ([3]) inspired by the work of Riedtmann ([3S]), and complete the task when i is 1 or 
3, and also in many cases with t = 2. The remaining cases for i = 2 have been recently settled 
by Ivanov-Volkow ([27]). On the question of periodicity, although the m-fold mesh algebras are 
known to be periodic, the explicit calculation of their period has been done only in very few cases. 
From the papers [36], [16] and [7] we know that the period is 6 for all preprojective algebras of 
generalized Dynkin type. In [13] the period is calculated when A is the stable Auslander algebra of 
a standard representation- finite self-injective algebra of type (A, /, t) equal to (D4, /, 3), (D„, /, 2), 
with n > 4 and / > 1 odd, or (Eg, /, 2). 

We now explain the main results of our paper. Let B = B{A) be the mesh algebra of the 
translation quiver ZA, where A is one of the Dynkin quivers mentioned above, and let G be 
a weakly admissible automorphism of ZA which is viewed also as an automorphism of B. The 
algebra B is graded pseudo-Frobenius (see definition [5]) , which roughly means that B and its 
category of graded modules behave as a self-injective finite dimensional algebra and its category of 
modules. The crucial result of our paper is theorem l5.21 which explicitly defines a graded Nakayama 
automorphism of B which commutes with the elements of G, for any choice of (A, G). Since each 
m-fold mesh algebra A is isomorphic to the orbit category B/G, the consequence is that one derives 
an explicit definition of a graded Nakayama automorphism, for each ?7i-fold mesh algebra. We then 
use the key lemma 15.41 which determines when two G-invariant graded automorphsims of B give 
the same automorphism of A = B/G up to conjugation. Using the extended type (A,m,,i) (see 
definition II 2|) to identify an m-fold mesh algebra, we get, expressed in terms of this type, the main 
results of the paper, all referred to ?7i-fold mesh algebras: 

1 . An identification of all weakly symmetric and symmetric algebras in the class (theorem 15. 6|) ; 

2. An explicit formula for the period of any algebra in the class (proposition |621 when A = A2, 
and theorem 16. 121 for all the other cases). 

3. An identification of the precise relation between the stable Calabi-Yau dimension and the 
Calabi-Yau Frobenius dimension of an m-iold algebra, showing that both dimensions may 
differ when A = A2, but are always equal when A ^ A^, for r = 1, 2 (propositions 16 . 1 51 and 

MM 

4. A criterion for an m-fold mesh algebra to be stably Calabi-Yau, together with the identifica- 
tion in such case of the stable Calabi-Yau dimension (proposition 16.71 for the case A — A2, 



corollary 16. 181 for characteristic 2, and theorem 16. 191 for all other cases). 

We now describe the organization of the paper. In section 2 we introduce and characterize 
pseudo-Frobenius graded algebras with enough idempotents. They are the analogue in the context 
of graded algebras with enough idempotents, or equivalently graded X-categories, of what finite 
dimensional self-injective algebras are in the context of associative unital algebras. There are no 
genuine new ideas in the process of passing from this latter context to the former, but, as far as 
we know, the concept of pseudo-Frobenius algebras and its associated ones, like Nakayama form 
and Nakayama automorphism, had not been developed before and they are crucial for the rest of 
the paper. 

In section 3, we revisit covering theory from the point of view of graded X-categories and study 
the preservation of the pseudo-Frobenius condition of a graded algebra with enough idempotents 
via the usual covering functor. 

In section 4, we recall the definition of the mesh algebra of a stable translation quiver and give 
a list of essentially known properties (proposition |4J]) for the case of the mesh algebra B = B{A) 
of ZA, when A is a Dynkin quiver. We then recall the definition of an m-fold mesh algebra and 
their known properties, and introduce the notion of extended type of such an algebra, which plays 
a crucial role in the rest of the paper. With the idea of simplifying some calculations, we end the 
section by performing a change of relations which, roughly speaking, transforms sums of paths of 
length 2 into differences. 

In section 5 we give the explicit definition of the G-invariant graded Nakayama automorphism 
of B and give the crucial lemma \5A\ mentioned above. We then give the list of all weakly symmetric 
and symmetric m-fold mesh algebras. 

In the final section 6 we first calculate explicitly the initial part of a 'G-invariant' minimal 
projective resolution of -B as a graded S-bimodule, We prove in particular that 51'^^ {B) is always 
isomorphic to ^-Bi, for a graded automorphism fi oi B which is in the centralizer of G and which 
is explicitly calculated. Then the induced automorphism /2 of A = B/G has the property that 
fl^^ (A) = pAi and this is fundamental in the rest of the paper. We then calculate the period of 
all m-fold mesh algebras and find the precise relation between the Calabi-Yau Frobenius condition 
of A, in the sense of |T7], and the condition that A — mod be a Calabi-Yau category. We end the 
paper by giving necessary and sufficient conditions for a mesh algebra to be stably Calabi-Yau 
and, when this is the case, we calculate explicitly the Calabi-Yau dimension of A — mod . 

2 Pseudo-Frobenius graded algebras with enough idempo- 
tents 

2.1 Graded algebras with enough idempotents 

All throughout this section, K is a field and the term 'algebra' will mean always an associative K- 
algebra. Recall that such an algebra A is said to be an algebra with enough idempotents, when 
there is a family (ei)ig/ of nonzero orthogonal idempotents such that (Bi<£ieiA ^ A ~ (Bi^jAci. 
Any such family (ei)ig/ will be called a distinguished family. From now on in this section 
A is an algebra with enough idempotents on which we fix a distinguished family of orthogonal 
idempotents. 

All considered (left or right) A-modules are supposed to be unital. For a left (resp. right) 
A-module M, that means that AM = M (resp. MA = M) or, equivalently, that M = (SieieiM 
(resp. M = ©ig/Mci). We denote hy A — Mod and Mod — A the categories of left and right 
A-modules, respectively. 

The enveloping algebra of A is the algebra A'^ = A ^ A°p, where ii a,b € A we will denote 
by a O &° the corresponding element of A'^. This is also an algebra with enough idempotents. 
The distinguished family of orthogonal idempotents with which we will work is the family (ci ® 
e°){ij)^ixi- A left A'^-module M will be identified with an A-bimodule by putting axb = {a®b°)x, 
for all X £ M and a,b G A. Similarly, a right yl '^-module is identified with an A-bimodule by putting 
axb = x{b®a°), for all a; e M and a,b £ A. In this way, we identify the three categories A'^ —Mod, 
Mod — A^ and A — Mod — A, where the last one is the category of unitary A-bimodules, which we 
will simply name 'bimodules'. 



Let H be an abelian group with additive notation, fixed all through this paragraph. An H- 
graded algebra with enough idempotents will be an algebra with enough idempotents A, 
together with an iJ-grading A — (BhenAh, such that one can choose a distinguished family of 
orthogonal idempotents which are homogeneous of degree 0. Such a family (ei)ig7 will be fixed 
from now on. We will denote by A — Gr (resp. Gr — A) the category (iJ-)graded (always unital) left 
(resp. right) modules, where the morphisms arc the graded homomorphisms of degree 0. A locally 
finite dimensional left (resp. right) graded A-module is a graded module M = (Bh^H^ih 
such that, for each i G / and each h € H, the vector space CiMf^ (resp. MfiCi) is finite dimensional. 
Note that the definition does not depend on the distinguished family (cj). We will denote by 
A — Ifdgr and Ifdgr — A the categories of left and right locally finite dimensional graded modules. 

Given a graded left A-module M, we denote by D{M) the subspace of the vector space 
Homif(M, X) consisting of the linear forms / : M — > K such that f{eiMh) = 0, for all but 
finitely many (i, h) G I x H. The iiT-vector space D{M) has a canonical structure of graded right 
A-module given as follows. The multiplication D{M) x A — > D{M) takes (/, a) ~^ fa, where 
(/a)(x) = ,f{ax) for all x G M. Note that then one has fei = 0, for all but finitely many i e /, and 
/ = J2tei f^^- Therefore D{M) is unital. On the other hand, if we put D{M)h := {/ £ D{M) : 
f{Mk) — 0, for all fc G iJ \ {— /i}}, we get a decomposition D{M) ~ (BheHD{M)h which makes 
D{M) into a graded right A-modules. Note that D{M)hei can be identified with Hom^^ (eiM_;i, K), 
for aU (i, h) G I x H. We will caU D{M) the dual graded module of M. 

Recall that if M is a graded A- module and k G H is any element, then we get a graded module 
M[k] having the same underlying ungraded A-module as M, but where M[k]fi — Mk+h for each 
h G H.li M and N are graded left A-modules, then H0M^(M,7V) := ®h^H^ouiA-Gr{M,N[h]) 
has a structure of graded iiT-vector space, where the homogeneous component of degree h is 
HOMa(M, A^)ft -.^ Hom^_Gr(M,iV[/i]), i.e., HOMA(M,iV)/i consists of the graded homomor- 
phisms M — > N of degree h. The following is an analogue of classical results for associative rings 
with unit, whose proof can be easily adapted. It is left to the reader. 

Proposition 2.1. The assignment M -^ D{M) extends to an exact contravariant K -linear functor 
D : A — Gr — > Gr — A (resp. D : Gr — A — > A — Gr) satisfying the following properties: 

1. The maps (Tm ■ M — > D'^{M) := (D o D){M), where (7M{m){f) = /(to) for all m G M and 
f G D(M), are all injective and give a natural transformation a : lA-Gr — > D^ := D o D 
(resp. a : Igt—a — > D'^ :— D o D) 

2. If M is locally finite dimensional then aM is an isomorphism 

3. The restrictions of D to the subcategories of locally finite dimensional graded A-modules 
define mutually inverse dualities D : A — Ifdgr -f^ — > Ifdgr — A : D. 

4- If M and N are a left and a right graded A-module, respectively, then there is an isomorphism 
of graded K -vector spaces 

r]M,N : HOMa{M, D{N)) -^ D{N (g)A M), 

which is natural on both variables. 

When A ~ (ShenAh and B — (BheH are graded algebras with enough idempotents, the tensor 
algebra A (^i B inherits a structure of graded 7J-algebra, where {A (g) B)h = (Bs-i-t=hAs ® Bt. In 
particular, this applies to the enveloping algebra A'^ and, as in the ungraded case, we will identify 
the categories A"^ — Gr (resp. Gr — A'^) and A — Gr — A of graded left (resp. right) A-modules and 
graded A-bimodules. We will denote by A — Ifgr — A the full subcategory of A — Gr — A consisting 
of locally finite dimensional graded A-bimodules. 

Remark 2.2. If M is a graded A-bimodule and we denote by D{aM), D{Ma) and D{aMa), 
respectively, the duals of M as a left module, right module or bimodule, then D{aMa) = D{AM)n 
D{Ma) and, in general, D(^aM) and D{Ma) need not be the same vector subspace of HomK{M, K). 
They are equal if the following two properties hold: 

1. For each [i, h) <E I x H , there are only finitely many j G I such that CiMhCj ^ 



2. For each (i, /i) G / x H , there are only finitely many j (z I such that CjMhCi ^ 0. 

Remark 2.3. When H ^ 0, we have A ~ Gr ^ A - Mod and D{M) ^ {f : M — > K : 
f{eiM) — 0, for almost all i G /}. 

Definition 1. Let A = (BhenAh be a graded algebra with enough idempotents. It will be called 
locally finite dimensional when the regular bimodule a^a is locally finite dimensional, i.e., 
when CiAfiCj is finite dimensional, for all {i,j,h) E I x I x H . Such a graded algebra A will be 
called graded locally bounded when the following two conditions hold: 

1. For each ii, h) E I x H , the set /(*''*) = {j £ I : CiAhCj ^ 0} is finite 

2. For each (i, h) Cz I x H , the set I(i_h) ~ {j ^ I '■ ^jAhCi ^ 0} is finite. 

Remark 2.4. For H = 0, the just defined concepts are the familiar ones of locally finite dimen- 
sional and locally bounded, introduced in the language of K -categories by Gabriel and collaborators 
(see, e.g., f^). 

2.2 Graded algebras with enough idempotents versus graded K-categories 

In this subsection we remind the reader that graded algebras with enough idempotents can be 
looked at as small graded if-categories, and viceversa. 

A category C is a iiT-category if C{X,Y) is a iiT-vector space, for all objects X,Y, and the 
composition map C{Y, Z) x C{X, Y) -> C{X, Z) is iiT-bilinear, for all X,Y,Z & Ob(C). If now H is 
a fixed additive abelian group, then C is a (H—) graded K-category ii C{X,Y) = (BheHChiX,Y) 
is a graded if- vector space, V X, F 6 Obj{C), and the composition map restricts to a (JiT-bilinear) 
map 

Ch{Y, Z) X Ck{X, Y) ^ Ch+k{X, Z) 

for any h,k E H. There is an obvious definition of graded functor (of degree zero) between graded 
isT-categories whose formulation we leave to the reader. 

The prototypical example of graded K-category is {K, H) — GR = K — GR. Its objects are the 
il-graded if -vector spaces and we define \louYK-GR{y^W) — ®h£H^oviiK-Gr{V^W[h]), where 
\louYK-Gr{V^W[h]) is the space of if -linear maps of degree h from V to W. The grading on 
Homi^_G_R(V^, W) is given by putting \iouYK-GR{V^ W)h = IIomx-Gr(V^, W^i^*]), for each h & H. 

Ii A = (BhenAh is a graded algebra with enough idempotents, on which we fix a distinguished 
family (ei)ig/ of orthogonal idempotents of degree zero, then we can look at it as a small graded 
if-category Indeed we put Oh{A) = I, A{i,j) = CiAcj and take as composition map CjAck x 
CiAcj — > CiAck the antimultiplication: b o a := ab. 

Conversely, if C is a small graded if -category then R = (BxeOb(C) ffiyeob(c) C{X,Y) is a 
graded if-algebra with enough idempotents, where the family of identity maps (Ix)xeOb(c) is a 
distinguished family of homogeneous elements of degree zero. We will call R the functor algebra 
associated to C. Let GrFun{C, K — GR) denote the category of graded if -linear covariant functors, 
with morphisms the if -linear natural transformations. To each object F in this category, we 
canonically associate a graded left i?- module M.{F) as follows. The underlying graded if -vector 
space is M{F) = ®ceoHc)F{C). If / e lyRlx = C{X,Y) and z G F{Z), then we define 
f • z = 6xzF{f){x), where Sxz is the Kronecker symbol. Note that / • x is an element of F{Y), 
and if / and x are homogeneous elements, then / • a: is homogeneous od degree deg(/) + deg(2;). 

Conversely, given a graded left i?-module M, we can associate to it a graded functor Fm : C — > 
K-GRas follows. We define Fm{X) = IxM, for each X G Ob(C), and if / G C{X, Y) = lyRlx 
is any morphism, then FM{f) ■ Fm{X) — > FuiY) maps x -^ fx. 

Given an object X of the graded if -category C, the associated representable functor is the 
functor Homc(X, -) : C — > K - GR which takes Y -^ C{X,Y), for each Y G Ob(C). With an 
easy adaptation of the proof in the ungraded case (see, e.g., [18] [Proposition II. 2]), we get: 

Proposition 2.5. Let C be a small (H-)graded if- category and let R be its associated functor 
algebra. Then the assignments F -~~* Ai{F) and M ~-> Fm extend to mutually quasi-inverse 
equivalences of categories GrFun[C°^ , K ~ Gr) -f^^- R — Gr. These equivalences restrict to mutually 



quasi-inverse equivalences GrFun{C°^ , K — IfdGR) -f^^ R — Ifdgr, where K — IfdGR denotes the 
full graded subcategory of K — GR consisting of the locally finite dimensional graded K-vector 
spaces. 

These equivalences identify the finitely generated projective R-modules with the direct summands 
of representable functors. 

Due to the contents of this section, we will freely move from the language of graded algebras 
with enough idempotents to that of small graded A'-categories and viceversa. In particular, given 
graded algebras with enough idempotents A and B, we will say that F : A — > B \s a, graded 
functor when it so when we interpret A and B a small graded ii'-categories. 

2.3 Graded pseudo-Frobenius algebras 

We still work with a fixed abelian additive group H and all gradings on algebras and modules will 
be if-grading. 

Definition 2. A locally finite dimensional graded algebra with enough idempotents A — ®heHAh 
will be called weakly basic when it has a distinguished family (ei)i^i of orthogonal homogeneous 
idempotents of degree such that: 

1. CiAoei is a local algebra, for each i ^ I 

2. CiAcj is contained in the graded Jacobson radical J^^{A), for all i,j G /, i ^ j. 

It will be called basic when, in addition, CiAhCi C J3^[A), for all i ^ I and h £ H\ {0}. 

We will use also the term '(weakly) basic' to denote any distinguished family {ei)i^i of ortho- 
gonal idempotents satisfying the above conditions. 

A weakly basic graded algebra with enough idempotents will be called split when eiAoei/eiJ{Ao)ei 
= K , for each i £ I . 

Proposition 2.6. Let A — (ShenAh be a weakly basic locally finite dimensional algebra with 
enough idempotents and let (e^) be a weakly basic distinguished family of orthogonal idempotents. 
The following assertions hold: 

1. J^^[A)q is the Jacobson radical of Aq. 

2. Each indecomposable finitely generated projective graded left A-module is isomorphic to Aci [h] , 
for some {i,h) G / x H. Moreover, if Aei[h] and Aej[k] are isomorphism in A — Gr, then 
i = j and, in case A is basic, also h = k. 

3. Each finitely generated projective graded left A-module is a finite direct sum of graded modules 
of the form Aei[h], with {i,h) E I x H 

4. Each finitely generated graded left A-module has a projective cover in the category A — Gr 

5. Each finitely generated projective graded left A-module is the projective cover of a finite direct 
sum of graded- simple modules (—simple objects of the category A — Gr). 

Moreover, the left-right symmetric versions of these assertions also hold. 

Proof. 1) For each left ideal U of Aq one has AUDAq = U. With this in mind, let m be a maximal 
graded left ideal of A. Then mo = Aq H m is a proper left ideal of Aq since Aq contains all the e^. 
But if mo C U, for some proper left ideal U oi Aq, then UA + m is a proper graded left ideal of A 
for its 0-homogeneous component is U + mo = U. But we have m C UA + m, which contradicts 
the maximality of m. It follows that U cannot exist, so that mo is a maximal left ideal of ^o- From 
the equality J^^{A)o = flmmoj where m varies on the set of maximal graded left ideals of A, we 
derive that J^^{A)o is an intersection of maximal left ideal of Aq. It follows that J{Ao) C Js^{A)o. 
We claim that this inclusion is actually an equality. Suppose not, so that we have i,j G I 
such that eiJ{AQ)ej C eiJ^^{A)Qej. If i j^ j then, by definition [21 we have CiA^Cj = eiJ^"^ {A)oej 
so that we have eiJ(Ao)ej C aAoej. As in the case of associative unital algebras, this implies 
that Aoei ^ AqCj or, equivalently, the existence of a; G CiA^Cj and y G CjA^ei such that xy — Ci 



and yx = Cj. Then the maps px '■ Aci — > Acj and py : Acj — > Aex are mutually inverse 
isomorphisms of graded left A-modules. This contradicts assertion 2, which is proved below. 
Therefore we necessarily have i = j- But then the fact that etAoei is a local algebra forces the 
equality eiJ^''{A)oei = CiAa, which implies that J^'^{A) contains the homogeneous idempotent a. 
This is clearly absurd. 

The proof of the remaining assertions is entirely similar to the one for semiperfect (ungraded) 
associative algebras with unit (see, e.g., |28| ) and here we only summarize the adaptation, leaving 

the details to the reader. For assertion 1), suppose that there is an isomorphism / : Aei[h] ^^ 
Aej[k] in yl — Gr, with (i, h), (j, fc) G / x iJ. The map p : CiAk-hSj — > aoiaA-Gr{Aei[h], Aej[k]), 
given by p{x){a) = ax, for all a e Aci, is an isomorphism of iiT- vector space, so that f = Px, for a 
unique x S CiAk-hej. Similarly, there is a unique y G ejAh-k^-i such that /~^ — py. We again get 
that yx = Ci and xy = Sj. Hi ^ j, this is a contradiction since CiAcj + CjAei C J3^(A). Therefore 
we necessarily have i = j and, in case A is basic, we also have h = k for otherwise we would have 
that yx = Ci G J^'^{A), which is absurd. 

On the other hand, the map p : CiA^ei — > ¥jmlA-Gr{Aei[h\) given above is an isomorphism of 
algebras. Therefore each Ae4ft-] has a local endomorphism algebra in A — Gr. Since each finitely 
generated graded left A-module is an epimorphic image of a finite direct sum of modules of the 
form Aci [h] , we conclude that the category A — grproj of finitely generated projective graded left 
A- module is a Krull-Schmidt one, with any indecomposable object isomorphic to some Aei[/i]. This 
proves assertion 2 and 3. 

As in the ungraded case, the fact that EndA-GriAei[h]) is a local algebra implies that J^^{A)ei[h] 
is the unique maximal graded submodule of Aei[/i]. If Si := Aei/J^^{A)ei, then Si[h] is a graded- 
simple module, for each h ^ H, and all graded-simple left modules are of this form, up to isomor- 
phism. Since the projection Aei [h] — > Si [h] is a projective cover in A — Gr we conclude that each 
graded-simple left A-module has a projective cover in A — Gr. From this argument we immediately 
get assertion 5, while assertion 4 follows as in the ungraded case. 

Finally, the definition of weakly basic locally finite dimensional graded algebra is left-right 
symmetric, so that the last statement of the proposition also follows. D 

We look at K as an iJ-graded algebra such that Kh = 0, for h ^ Q. li V = ®h^HVh 
is a graded ii'-vector space, then its dual D{V) gets identified with the graded if-vector space 
©/ie_f/Homx(V/i,i^), with D{V)h = Homi^(T/_/,, ivT) for all hcH. 

Definition 3. Let V — ©he-ff^/i ^.''^d, W = ®h^HWh be graded K-vector spaces, where the ho- 
mogeneous components are finite dimensional, and let d & H be any element. A bilinear form 
(— , —) :V xW — > K is said to be of degree d if (V/i, Wu) ^ implies that h + k ^ d. Such a form 
will called nondegenerate when the induced maps W — > D{V) (w ~^ {—,w))) and V — ?• D(W) 
(v ~^ (w, —))) are bijective. 

Note that, in the above situation, li {—,—): V x W — > X is a nondegenerate bilinear form 
of degree d, then the bijective map W — > D{V) ( resp V — > D{W)) given above gives an 

isomorphism of graded iiT-vector spaces W[d] -^> D{V) (resp. V[d\ ^^ D{W)). 
The following concept is fundamental for us. 

Definition 4. Let A = (SheiiAh be a weakly basic graded algebra with enough idempotents. A 
bilinear form (~,— ) : A x A — > K is said to be a graded Nakayama form when the following 
assertions hold: 

1. {ab, c) = (a, be), for all a,b,c ^ A 

2. For each i ^ I there is a unique ;^(i) G / such that (e^yl, Aej^(i)) 7^ and the assignment 
i --^ v{i) defines a bijection v : I — > /. 

3. There is a map h : / — > H such that the induced map (— , — ) : CiAcj x ejAe^^uj — > K is a 
nondegenerated graded bilinear form degree hi : h(i), for all i,j G /. 

The bijection v is called the Nakayama permutation and h will be called the degree map. When 
\\ is a constant map and h(i) = h, we will say that (— , —) : Ax A — > K is a graded Nakayama 
form of degree h. 



Definition 5. A graded algebra with enough idempotents A = (BhenAh will be called left (resp. 
right) locally Noetherian when Aei (resp. etA) satisfies ACC on graded submodules, for each i (£ I . 
We will simply say that it is locally Noetherian when it is left and right locally Noetherian. 

Recall that a graded module is finitely cogenerated when it is finitely generated and its graded 
socle is essential as a graded submodule. Recall also that a Quillen exact category £ (e.g. an 
abelian category) is said to be a Frobenius category when it has enough projectives and enough 
injectives and the projective and the injective objects are the same in £. 

Theorem 2.7. Let A = (BheHAh be a weakly basic graded algebra with enough idempotents. 
Consider the following assertions: 

1. A — Gr and Gr — A are Frobenius categories 

2. D{aA) and D{Aa) are projective graded A-modules 

3. The projective finitely generated objects and the injective finitely cogenerated objects coincide 
in A ~ Gr (resp. Gr — A) 

4. There exists a graded Nakayama form (— , ^) : B x B — ;■ K . 
Then the following chain of implications holds: 

1)=^2)=^3)^=^4). 

When A is graded locally bounded, also 4) =^ 2) holds. Finally, if A is graded locally Noethe- 
rian, then the four assertions are equivalent. 

Proof. 1) => 2) By proposition [2TT1 we have a natural isomorphism 

HOMa{1, D{Aa)) = D{A®a'^) ■■ A-Gr — > K -Gr, 

and the second functor is exact. Then also the first is exact, which is equivalent to saying that 
D{Aa) is an injective object of ^ — Gr (see [51] [Lemma 1.2.4]). A symmetric argument proves that 
D{aA) is injective in Gr — A. 

2) =^ 3) The duality D : A — Ifdgr <^— s- Ifdgr ~ A : D exchanges projective and injective 
objects, and, also, simple objects on the left and on the right. Since A is locally finite dimensional 
all finitely generated left or right graded A-modules are locally finite dimensional. Moreover, our 
hypotheses guarantee that each finitely generated projective graded A-module P is the projective 
cover of a finite direct sum of simple graded modules. Then D{P) is the injective envelope in 
A — Ifdgr of a finite direct sum of simple objects. We claim that each injective object E of 
A — Ifdgr is an injective object of ^4 — Gr. Indeed if t/ is a graded left ideal oi A, h £ H is 
any element and / : U[h] — > E is morphism va A — Gr, then we want to prove that / extends 
to A[h]. By an appropriate use of Zorn lemma, we can assume without loss of generality that 
there is no graded submodule V of A[h] such that U[h] C V and / is extendable to V. The task 
is then reduced to prove that U = A. Suppose this is not the case, so that there exist i £ I 
and a homogeneous element x G Aei such that x ^ U. But then Ax + U/U[h] is a locally finite 
dimensional graded ^-module since so is Ax. It follows that ExtA-ifdgri ^^^ [^1;-^) = 0; which 
implies that / : U[h] — > E can be extended to {U + Ax)[h], thus giving a contradiction. Now the 
obvious graded version of Baer's criterion (see [34] [Lema 1-2.4]) holds and E is injective in A — Gr. 
In our situation, we conclude that D{P) is a finitely cogenerated injective object oi A — Gr, for 
each finitely generated projective object P of Gr — A. 

Conversely, if S* is a simple graded right A-modules and p : P — > D{S) is a projective cover, 
then D{p) : S = DD{S) — > D{P) is an injective envelope. This proves that the injective envelope 
in A — Gr of any simple object, and hence any finitely cogenerated injective object of A — Gr, is 
locally finite dimensional. 

Let now E be any locally finite dimensional graded left A-module. We then get that E is 
an injective finitely cogenerated object oi A — Gr if, and only if, E = D{P) for some finitely 
generated projective graded right A-module P. This implies that E is isomorphic to a finite direct 
sum of graded modules of the form D{eiA[—hi\) = D{eiA)[hi], where hi E H . We then assume, 
without loss of generality, that E = D{eiA)[h], for some i £ I and h E H. Since ejv4[— /i] is a 



direct summand of ^[— ^] in Gr — A, assertion 2 implies that E is a projective object in A — Gr. 
Then E is isomorphic to a direct summand of a direct sum of graded modules of the form Aa [hi] . 
From the fact that E has a finitely generated essential graded socle we easily derive that i<^ is a 
direct summand of ®i<k<rAeii^[hif.], for some indices ik G /. Therefore each finitely cogenerated 
injective object of A — Gr is finitely generated projective. The analogous fact is true for graded 
right A-modules. 

On the other hand, if P is a finitely generated projective graded left A-module, then D{P) is a 
finitely cogenerated injective objet of Gr — A and, by the previous paragraph, we know that D{P) 
is finitely generated projective. We then get that P = DD{P) is finitely cogenerated in A — Gr. 

3) =^ 4) From assertion 3) we obtain its left-right symmetric statement by applying the duality 

D : A — Ifdgr i — > Ifdgr — A : D, bearing in mind that an injective object in Ifdgr — A is also 
injective in Gr — A. It follows that D{eiA) is an indecomposable finitely generated projective left 
A-module, for each i (^ I. We then get a unique index v(i) £ / and a unique hi £ H such that 
D{eiA) = Ae^ii\[hi]. We then have a map v : / — > I. By the same reason, given j £ I, we have 
that D{Aej) ^ e^Q)A[fcj], for unique fi{j) £ I and kj £ H. We then get 



eiA ^ DD{e^A) ^ D{Ae^(^i)[hi]) = D{Ae^^i))[-hi] = e^,,(i)A[fc^(i) - h 
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and, by Droposition l2.61 we conclude that fJ-^ii) — i, for all i £ I. This and its symmetric argument 
prove that the maps /i and v are mutually inverse. 

We fix an isomorphism of graded left A-modules fi : Ae^(i)[hi] -^^ D{eiA), for each i £ I. 
Then we get a bilinear map 

aA X Ae^(j) — > aA x D{eiA) -^ K. 

Note that we have (a, cb) — fi{ch){a) — [cfi{b)\{a) — fi{h){ac) — {ac, b), for all (a, b) £ CiA x Ae^i^i-^ 
and all c £ A. This bilinear form is clearly nondegenerate because CiA is locally finite dimensional 
and, due to the duality £*, the canonical bilinear form aA x D{eiA) — > K is nondegenerate, and 
actually graded of degree since D{eiA)k = D{eiA-k) = llomK{eiA-k,K), for each k £ H. On 
the other hand, if s,i £ H and a £ CiAg and b £ Ate^(^i^ are homogeneous elements, then the 
degree of b in Ae^(j) [hi] is i — hi. We get that (a, &) ^ if, and only if, s + {t — hi) = 0. This shows 
that the given bilinear form is graded of degree hi. 

We then define an obvious bilinear form (— , — ) : Ax A — > K such that {eiA,Aej) = 0, 
whenever j ^ i^{i), and whose restriction to CiA x Ae^(j) is the graded bilinear form of degree 
hi given above, for each i £ I. Since (a, 6) = J2i jeii^i'^T^^j) ~ X^ie/^^**^' ^^!^(«))' ^^ S*^^ \^\At 
{ac,b) — {a,cb), for all a,b,c £ A, and, hence, that (— ,— ) : Ax A — > X is a graded Nakayama 
form. 

4) => 3) Let (— , — ) : A x A — > K he a graded Nakayama form and let ly : I — > I and 
h : / — > H be the maps given in definition ID We put h(i) — hi, for each i £ I. Since the 
restriction of (— , — ) : CiA x Ae^(^i-) — > iiT is a nondegenerate graded bilinear form of degree 
hi, we get induced isomorphisms of graded ii"- vector spaces fi : Ae^(i)[/ii] — > D(eiA) and gt : 
e^-i(i)A[/ij] — > D{Ae^), where f^{b) = (-,&): x -> (x, &) and gi{a) = (a, -) : y -^ («, J/)- The 
fact that {ac,b) = {a,cb), for all a,b,c £ A implies that fi is a morphism in A — Gr and gi is a 
morphism in Gr — A. Therefore the projective finitely generated objects and the injective finitely 
cogenerated objects coincide in A — Ifdgr and Ifdgr — A. By our comments about the graded Baer 
criterion, assertion 3 follows immediately. 

3), 4) =^ 2) We assume that A is graded locally bounded. The hypothesess imply that the 
injective finitely cogenerated objects oi A — Gr and Gr — A are locally finite dimensional and 
they coincide with the finitely generated projective modules. But in this case A is locally finite 
dimensional both as a left and as a right graded A-module. Indeed, given i £ I, one has CiAh = 
(BjeieiAhBj. By the graded locally bounded condition of A almost all summands of this direct 
sum are zero. This gives that, for each (i, h) £ I x H, the vector spaces eiAh is finite dimensional, 
whence, that aA is in A — lfdgr. Similarly, we get that Aa £ A — lfdgr. It follows that D{aA) and 
D{Aa) are locally finite dimensional. We claim that D{Aa) is isomorphic to ®i£/_D(eiA) which, 
together with assertion 3, will give that D{Aa) is a projective graded left A-module. This plus its 
symmetric argument will then finish the proof. 



To prove our claira, note that, using the duahty D, we know that D(Aa) is the product in the 
category A — lfdgr of the DiciA). It is not clear in principle what this product is since the category 
A — Ifdgr is not closed under taking products in A — Gr. What we shall do is to prove that there is 
an isomorphism of graded left ^-modules Hgr D{eiA) = (Bi£iD{eiA), where the product is taken 
in A — Gr. Note that, for each (j, h) G I x H, we have that ej{(BieiD{eiA))h — (Bi£iejD{eiA)ii = 
(Bii£iD(eiA-hSj), and this is a finite dimensional vector space due to the graded locally bounded 
condition of A. It will follow that Q)i^jD{eiA) is locally finite dimensional and is isomorphic to 
the product, both in yl — Gr and A — Ifdgr, of the D{eiA). Our claim will be then settled. 

The product of the D{eiA) in A — Mod is the largest unitary submodule of the cartesian 
product Ylifzi D{eiA). Therefore it is (Bjei{ejY\i^j D{eiAj) = ©jg/ Die/ -^(^i^^i)- The product 
ofthei:i(e,A) in A-Gr isthen ®heHi®jeIU^GI Dle,Aej)h) = ®heH®jeiI\iei ^l^'^^-hej))- The 
graded locally bounded condition of A implies that this last vector space coincides with ®heH ®jei 
Q)i£iD{eiA-hej))- This is exactly (Bi£iD{eiA), and so we have an isomorphism Yinr^i^i^) — 
®i(ziD{eiA) in A~ Gr. 

3), 4) =^ 1) We assume that A is graded locally Noetherian. Then A — Gr and Gr — A are 
locally Noetherian Grothendieck categories, i.e., the Noetherian objects form a set and generate 
both categories. Then each injective object in A — Gr or Gr — ^ is a direct sum of indecomposable 
injective objects and each direct sum of injective objects is again injective (see [18j [Proposition 
IV. 6 and Theorem IV.2]). Since, by hypothesis, Aci and eiA are injective objects in ^4 — Gr and 
Gr — A, respectively, we deduce that each projective object in any of these categories is injective. 

On the other hand, Aei (resp. CiA) is a Noetherian object of ^4 — Gr (resp. Gr — A), which 
implies by duality that D{Aei) (resp. D{eiA)) is an artinian object oilfdgr — A (resp. A — lfdgr), 
and hence also of Gr — ^ (resp. A — Gr). But we have D{Aei) = e^-if^^^A (resp. D{eiA) = Aei,(i)), 
where v is the Nakayama permutation. By the bijectivity of u, we get that all Aej and CjA are 
Artinian (and Noetherian) objects, whence they have finite length. Therefore A — Gr and Gr — A 
have a set of generators of finite length, which easily implies that the graded socle of each object 
in these categories is a graded essential submodule. In particular, each injective object in A — Gr 
(resp. Gr — A) is the injective envelope of its graded socle. But if {St : i S T} is a family of 
simple objects of ^ — Gr (resp. Gr — A) and it : St >^ E{St) is an injective envelope in A — Gr 
(resp. Gr — A), then the induced map i := (BteT ■ ©tGT'S't ^^ (BteTE{St) is an injective envelope 
in j4 — Gr (resp. Gr — A) since the direct sum of injectives is injective. But each E{St) is finitely 
cogenerated, whence projective by hypothesis. It follows that each injective object in A~Gr (resp. 
Gr — A) is projective. D 

Definition 6. A weakly basic locally finite dimensional graded algebra satisfying any of the con- 
ditions 3 and 4 of the previous proposition will be said to be a graded pseudo-Frobenius algebra. 
When A satisfies condition 1, it will be called graded Quasi-Frobenius. 

Remark 2.8. The concepts of pseudo-Frobenius (PF) and Quasi-Frobenius (QF) associative unital 
algebras (over a commutative ring and not just over a field) are classical (see, e.g., \31f and f5'7| /j. 
Such an algebra A is left PF when aA is an injective cogenerator of A — Mod while it is QF when 
A — Mod, or equivalently Mod — A, is what today is called a Frobenius category. Pseudo-Frobenius 
algebras are the left and right PF algebras and they are characterized by the fact that the finitely 
generated projective and the finitely cogenerated injective objects coincide in A— Mod and Mod— A. 
Although not yet with this name, pseudo-Frobenius algebras already appear in the original work of 
Morita (JS^). 

Examples 2.9. The following are examples of graded pseudo-Frobenius algebras over a field K : 

1. When H = and A = A is a finite- dimensional self-injective algebra, which is equivalent to 
saying that A is quasi- Frobenius. 

2. When A is any finite- dimensional split basic algebra and A = K is its repetitive algebra, in 
the terminology of fSSf, then A is a (trivially graded) quasi- Frobenius algebra with enough 
idempotents (see op. cit. [Chapter II]). 

3. The Zi-graded algebra A — K[x,x^^,y, z]/{y'^, z'^), where deg{x) = deg{y) — deg{z) — 1. 
Given any integer m, we have a canonical basis B„i — {x™,x"^~^y,x"^~^z,x"^~'^yz} of Am- 
Consider the graded bilinear form A x A — > K of degree m identified by the fact that if 
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/ G An and g G Am-n, then {f,g) is the coefficient of x™'~'^zt in the expression of fg as a 
K-linear combination of the elements of Bm- Then (— , — ) is a graded Nakayama form for 
A, so that A is graded pseudo-Frobenius. 



The following result complenients theorem l2.7l and gives a handy criterion, in the locally Noethe- 
rian case, for A to be graded Quasi-Frobenius. 

Corollary 2.10. Let A = (BhenAh be a weakly basic locally Noetherian graded algebra with enough 
idempotents. The following assertions are equivalent: 

1. The following two conditions hold: 

(a) For each i ^ I , Act and eiA have a simple essential socle in A — Gr and Gr — A, 
respectively 

(b) There are bijective maps v,!^' : I — ;■ / such that SoCgr{eiA) ^ — '^/g'-fAi \^i\ ^'^'^ 

Ac I 

SoCgr{Aei) = [j3r(^)e', . [^i]' f°'^ Certain hi,h[ £ H 

2. A is qraded Quasi-Frobenius 



Proof. We only need to prove 1) =^ 2). By definition of weakly basic, A is locally finite dimen- 
sional, so that Aci and CiA are locally finite dimensional modules, for all i € L It then follows by 
duality that D{eiA) is an Artinian object oi A — Gr, for all i G I. By the same reason, we get 
that D{eiA) has a unique simple essential quotient, meaning that D{eiA) has a unique maximal 
superfluous subobject. By a classical argument, it follows that D{eiA) has a projective cover in 
A — Gr, which is an epimorphism of the form p : Aej[h] -* D(eiA). It follows from this that 
D{eiA) is a Noetherian object, whence, an object of finite length in A — Gr since it is a quotient 
of a Noetherian object. With this and its symmetric argument we get that all finitely cogenerated 
injective objects in A — Gr and Gr — A have finite length, which implies by duality that also the 
finitely generated projective objects have finite length. 

The fact that SoCgr{eiA) is simple-graded implies that the injective envelope oi CiA in A — Gr is 
of the form l : CiA ---^ E = D{Aej)[h], while the projective cover of £' is of the formp : ekA[h'] -^ E. 
Then i factors through p yielding a monomorphism u : e,;A >-* efeA[/i']. But then the graded socles 
of CiA and ekA[h'] are isomorphic. By condition l.b) and the weakly basic condition, this implies 
that i — k. By comparison of graded composition lengths, we get that u is an isomorphism, which 
in turn implies that both p and t are also isomorphisms. Therefore all the CiA, and hence all 
finitely generated projective objects, are finitely cogenerated injective objects oi A — Gr. The left- 
right symmetry of assertion 1 implies that the analogous fact is true in Gr — A. Then, applying 
duality, we get that the finitely generated projective objects and the finitely cogenerated injective 
objects coincide in A — Gr and Gr — A. Then assertion 3 of theorem 12 . 71 holds . so that A is graded 
Quasi-Frobenius. 

D 

Corollary 2.11. Let A ~ (ShenAh be a graded pseudo-Frobenius algebra and let {ei)i£i be a weakly 
basic distinguished family of orthogonal idempotents. If A is graded locally bounded, then following 
assertions hold: 

1. There is an automorphism of (ungraded) algebras rj : A — > A, which permutes the idem- 
potents Ci and maps homogeneous elements onto homogeneous elements, such that lArj is 
isomorphic to D(A) as an ungraded A-bimodule. 

2. If the map h : / — > H associated to the Nakayama form (— , — ) : Ax A — > K takes constant 
value h, then rj can be chosen to be graded and such that D[A) is isomorphic to iArj[h] as 
graded A-bimodules. 



Proof. Let first note that, by remark [2?2l we have D{aA) = D{aAa) — D{Aa) in this case. 

1) Let us fix a graded Nakayama form (— , —): A x A — > K, associated maps i' : I — > I and 

h : I — > H. The assignment b ~~* (— , b) gives an isomorphism of graded A-modules Ae^ri\[h.i\ ^^ 
D{eiA), for each i G I. By taking the direct sum of all these maps, we get an isomorphism of 
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ungraded left ^-modules aA — > Q)ieiD{eiA). But we have seen in the proof of the imphcation 
3), 4) => 2) in last proposition that D{A) = 0ig/_D(eiA) in A — Gr. Therefore the assignment 
b -^ (— , b) actually gives an isomorphism aA -^^ D{A). Symmetrically, the assignment a ^> (a, — ) 

gives an isomorphism Aa —-^ D{A). It then follows that, given a £ A, there is a unique 77(a) G A 
such that (a, — ) = (—,77(0)). This gives a ii'-linear map 77 : A — > A which, by its own definition, 
is bijective. Moreover, given a,b,x £ A, we get 

{x,T]{ab)) = {ab,x) = {a,bx) = (&x, 77(a)) = (6,a;77(a)) = {xr]{a),T]{b) = {x,'i]{a)f]{b)), 

which shows that ri(ab) — 'q{a)'q{b), for all a, 6 G A. Therefore rj is an automorphism of A as an 
ungraded algebra. Moreover if 7^ a G CiAcj, then (a, — ) vanishes on all CiiAeji except in ejAe^(^iy 
Therefore (—,77(0)) does the same. By definition of the Nakayama form, we necessarily have 
77(a) G ei^u\Ae^rj\. We claim that if a G CiAcj is an clement of degree h, then 77(a) is an element of 
degree h+hj — hi. Indeed, let /i' G if be such that rj{a)iii ^ 0. Then the {—,ri{a)fi') : ejAe^,(i-f — > K 
is a nonzero linear form which vanishes on CiAkCj, for all k ^ hj—h' . Let us pick up x G CiAh-h'Sj 
such that (x, 77(0)71') ^ 0. Then we have that {x,rj{a)) ~ {x,ri{a)h') 7^ 0, due to the fact that 
(— ,— ) : ejAei^u\ x eiyii)Ae^tj\ — > K is a graded bilinear form of degree hj. We then get that 
7^ (x, 77(a)) = (a, x), which implies that h + {hj — h') = hi, which implies that h' = h+ {hj — hi). 
Then h' is uniquely determined by a, so that 77(a) is homogeneous of degree h + hj — hi as desired. 

Putting a = Ci in the previous paragraph, we get that 77(5^) G e^i^i^Ae^^i^ has degree 0, and 
then rj{ei) is an idcmpotent element of the local algebra e^(^i)Af)e^(^iy It follows that 77(6^) = e^(i), 
for each i G /. 

Finally, we consider the if- linear isomorphism / : A — > D{A) which maps b -^ {^,b) = 
{ri~^{b), —). We readily see that / is a homomorphism of left A-modules. Moreover, we have 
equalities 

{a,br]{b')) ^ {ab,r]{b')) ^ {b',ab) = {b'a,b) = [f{b)b']{a), 

which shows that / is a homomorphism of right A- modules A^ — > D{A). Then / is an isomorphism 

lA^ ^ D{A). 

2) The proof of assertion 1 shows that if h(2) = h, for all i G i, then 77 is a graded automorphism 
of degree 0. Moreover, the isomorphism / :i A^ -^^ D{A) is the direct sum of the isomorphisms 
of graded left A-modules fi : Ae^(i)[/i] -^^ D{eiA) which map b ^> (—,&)• It then follows that / is 
an isomorphism of graded bimodules lA,, [/i] -^^ D{A). D 

To finish this subsection, we will see that if one knows that A is split graded pseudo-Frobenius, 
then all possible graded Nakayama forms for A come in similar way. Recall that ii V = QhenVh 
is a graded vector space, then its support, denoted Supp(T^), is the set of /i G ii such that Vh 7^ 0. 

Proposition 2.12. Let A be a split pseudo-Frobenius graded algebra and (ei)ig/ a weakly basic 
distinguished family of orthogonal idenipotents. The following assertions hold: 

1. All graded Nakayama forms for A have the same Nakayama permutation. It assigns to each 
i £ I the unique h'{i) G i such that eiSoCg.^{A)e^ii\ 7^ 0. 

2. If hi G Supp{eiSocgr{A)) , then dim{eiSocgr{A))h.) = 1 

3. For a bilinear form (— , —): A x A — > K, the following statements are equivalent: 

(a) (— , — ) is a graded Nakayama form for A 

(b) There exists an element h = {hi) G Jlj^/ Supp{eiSoCgr{A)) and a basis Bi of CiAhiC^^i), 
for each i G I , such that: 

i. Bi contains a (unique) element Wi of eiSoCgr{A)h. 
ii. If a, & G IJj CiAcj are homogeneous elements, then {ciA^, AkCj) — unless j — h'{i) 

and h + k = hi 
Hi. If{a,b) G CiAh x A^.-^e^fi), then (a, 6) is the coefficient of Wi in the expression of 
ab as a linear combination of the elements of Bi . 
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Proof. 1) Let (— ,— ) : A x A — > K he a graded Nakayama form for A. We have seen in the 
proof of the imphcation 4) =^ 3) in theorem 12 .71 that then D{eiA) = Ae^(^i^[hi]. Due to conditions 
satisfied by the e^, we get that i^{i) is independent of (—,—)■ Moreover, by duahty, we get an 
isomorphism a A = D[Ae^(^i))[—hi\, which induces an isomorphism between the graded socles. 
But the graded socle of D{Aej) is isomorphic to Sj := ejA/ejJ^'^{A), for each j S /. We then get 
that eiSoc^''iA))ej[-h] ^ }lomA-GriSj[h],eSoc^''iA)) = 0, for all j ^ v(i) and h^B. 

2) Let us fix hi £ Supp(eiSoc^''(A))) and suppose that {x,y} is a linearly independent subset 
of eiSoc^^{A))h.. We then have xA — yA since eiSoc^''{A)) is graded-simple. We get from this 
that also xAq = yA^. By proposition l2.61 we know that J{Aq) = J^^{A)q and the split hypothesis 
on A implies that Aq = J{Ao) ® {(BjeiKcj). It follows that Kx = x{®j£iKej) = xAq = yAo = 
y{®j£iKej) = Ky, which contradicts the linear independence oi {x,y}. 

3) 6) =^ a) By assertion 1), the Nakayama permutation is completely determined by A. The 
given element h is then interpreted as a map / — > H, which will be our degree function. It only 
remains to check that {ab, c) = (a, 6c), for all a, b, c. This easily reduces to the case when a, b, c are 
homogeneous and there are indices i, j, k such that a = Ciacj, b = ejbck and c = efecei/(i). But in 
this case, we have (a, be) — {ab, c) — when deg(a) + deg(6) + deg(c) ^ hi. On the other hand, by 
condition b.iii), if deg(a) + deg(6) +deg(c) — hi then {ab, c) and (a, be) are both the coefficient of Wi 
in the expression of abc as linear combination of the elements of Bi. So the equality {ab, c) = (a, be) 
holds, for all a,b,e € A. 

a) =^ b) We first take a basis B° of Aq such that B" = {e, : i e 1} U {B° H J{Ao)) and 
B'^ C y^ .^j eiAgej. The graded Nakayama form gives by restriction a nondegenerate bilinear map 

(-, -) : BiAaei x e,;A,i^e,,(i) — > K. 

We choose as Bi the basis of eiAh.ei^t^i^ which is left orthogonal to eiB^ei with respect to this 
form. As usual, if & e CiB^Ci, we denote by b* the element of Bi such that {c,b*) = Sbc, where 
She is the Kronecker symbol. We then claim that Wi := e* is in eiSoCgr{A). This will imply 
that hi G Supp(SoCgr(^)) and, due to assertion 2, we will get also that Wi is the only element of 
eiSoCgr{A)fii in Bi. Indeed suppose that Wi ^ eiSoCgr{A). We then have a G J^^{A) such that 
awi ^ 0. Without loss of generality, we assume that a is homogeneous and that a = ejaci, for 
some j e /. Then 7^ aWi G ejAe,^(i), which implies the existence of a homogeneous element 
6 G CiAej such that {b,awi) ^ since the induced graded bilinear form etAcj x ejAe^(^i) — )■ K is 
nondegenerate. But then we have {ba,Wi) 7^ and deg(6a) — since the induced graded bilinear 
form CiAci x eiAe^u-.. — > K is of degree hi. But ba G eiJ^^{A)()ei = e^ J(Ao)ei and, by the choice 
of the basis B°, each element oi eiJ{Ao)ei is a linear combination of the elements in S^flei J(Ao)ej. 
By the choice oiwi, we have {e,Wi) = 0, for all c G S^flCi J(Ao)ei. It then follows that {ba, Wi) = 0, 
which is a contradiction. 

It is now clear that conditions b.i and b.ii hold. In order to prove b.iii, take (a, b) G eiAh x 
Ahi-he-u(i)- We then have (a, 6) — {ei,ab), where ab G eiAh^e^^iy Put ab = X^cee '^^c, where 
Ac G K for each c G Bi. We then get {a,b) — (ei,X^Acc) — X]c-^c(ei,c) — X^., i.e., {a,b) is the 
coefficient of Wi in the expression ab = ^^ AcC. D 

Definition 7. Let A = ®h£HAh be a split pseudo-Frobenius graded algebra, with {ei)i^i as weakly 
basic distinguished family of idempotents and v : I — > I as Nakayama permutation. Given a pair 
{B,h) consisting of an element h = {hi)i£i of Y[i^j Supp{eiSoCgr{A)) and a family B = {Bi)i^i, 
where Bi is a basis of eiAh^ei^^i^ containing an element of eiSoCgr{A), for each i £ I , we call 
graded Nakayama form associated to {B, h) to the bilinear form {—, —): A x A — > K determined 
by the conditions b.ii and b.iii of last proposition. When h is constant, i.e. there is h £ H such 
that hi = h for all i £ I, we will call (— , — ) the graded Nakayama form of A of degree h associated 
toB. 

2.4 Graded algebras given by quivers and relations 

Recall that a quiver or oriented graph is a quadruple Q — {QQ,Qi,i,t), where Qq and Qi are 
sets, whose elements are called vertices and arrows respectively, and i,t : Qi — > Qq are maps. If 
a £ Qi then i{a) and t{a) are called the origin (or initial vertex) and the terminus of a. 

Given a quiver Q, a path in Q is a concatenation of arrows p — 0102. ..a-r such that t{ak) = 
i{ak+i), for all fc = 1, ...,r. In such case, we put i{p) = i{ai) and t{p) = t{ar) and call them the 
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origin and terminus of p. The number r is the length of p and we view the vertices of Q as paths of 
length 0. The path algebra of Q, denoted by KQ, is the ivT- vector space with basis the set of paths, 
where the multiphcation extends by X-hnearity the multiphcation of paths. This multiphcation is 
defined as pq = 0, when t{p) ^ iiq), and pq is the obvious concatenation path, when t{p) = i{q). 
The algebra KQ is an algebra with enough idempotents, where Qo is a a distinguished family of 
orthogonal idempotents. If i e Qo is a vertex, we will write it as e^ when we view it as an element 
oi KQ. 

Definition 8. Let H be an abelian group. An (H-)graded quiver is a pair (Q, deg), where Q is a 
quiver and deg : Qi — > H is a map, called the degree or weight function. {Q, deg) will be called 
locally finite dimensional when, for each {i,j,h) e Qo x Qo x H, the set of arrows a such that 
(i{a),t{a), deg{a)) — {i,j,h) is finite. 

We will simply say that Q is an iJ-graded quiver, without mention to the degree function which 
is implicitly understood. Each degree function on a quiver Q induces an iJ-grading on the algebra 
KQ, where the degree of a path of positive length is defined as the sum of the degrees of its arrows 
and deg(ei) = 0, for all i £ Qo. In the following result, for each natural number n, we denote by 
KQ>n the vector subspace of KQ generated by the paths of length > n. For each ideal / of an 
algebra, we put /" = f|«>o ^"■ 

Proposition 2.13. Let A — (ShenAfi be a split basic locally finite dimensional graded algebra 
with enough idempotents and let J — J^^{A) be its graded Jacobson radical. There is an H -graded 
locally finite dimensional quiver Q and a subset p G[J^ gQ eiKQ>2Sj, consisting of homogeneous 
elements with respect to the induced H-grading on KQ, such that A/ J^ is isomorphic to KQ/ < 
p >. Moreover Q is unique, up to isomorphism of H -graded quivers. 

Proof. It is an adaptation of the corresponding proof, in more restrictive situations, of the ungraded 
case (see, e.g., [8 [Section 2]). We give the general outline, leaving the details to the reader. 

Let {ei)i^i be the basic distinguished family of orthogonal idempotents. The graded quiver Q 
will have Qq = / as its sets of vertices. Whenever h e Supp(^^^), we will select a subset Qi(i, j)h 

of Ci-JhCj whose image by the projection e^JhCj -« e^uK^e- ) gi'^^s ^ basis of j-rfrr^)- We will take 
as arrows of degree h from i to j the elements of Qi(i,j)h, and then Qi = IJ^ jeQa-heH Q"^i^^ J)h- 
The so-obtained graded quiver gives a grading on KQ and there is an obvious homomorphism of 
graded algebras / : KQ — > A which takes e^ -^ e^ and a -^ a, for all i e Qo and a e Qi. 

f V 

We claim that the composition KQ — > A -^ A/ J^ is surjective or, equivalently, that Im{f) -f- 
J'^ = A. Due to the split basic condition of A, it is easy to see that A = (X^ig/ Kci) © J 
and the task is then reduced to prove the inclusion J C Im{p) + J'^ . Since CiA^ej is finite- 
dimensional, for each triple (i, h,j) £ I x H x I, there is a smallest natural number mij{h) such 
that ei{J")hej = ei(J"+^)/iej, for all n > mij{h). We will prove, by induction on fc > 0, that 
g^( jm,,(/«)-fc)^^g^. (- im{f) + J", for ah (i, h,j), and then the inclusion J C Im{p) -t- J" will follow. 
The case fc = is trivial, by the definition of mij{h). So we assume that fc > in the sequel. 
Fix any triple («, h,j)GlxHxI and put n := mij{h) — fc. If x £ ei{J"')hej then x is a sum of 
products of the form a; 1X2 • ••■ • a;„, where Xr is a homogeneous element in ei'Jeji, for some pair 
(j', j') G I X I. So it is not restrictive to assume that x — xia;2 • ... • x^ is a product as indicated. 
By definition of the arrows of Q, each Xr admits a decomposition Xr — yr + Zr, where Xr is a linear 
combination of arrows (of the same degree) and yr G J^. It follows that x = y + z, where y is a 
linear combination of paths of length n and z e eiJ"^^ej. Then y G Im{f) and, by the induction 
hypothesis, we know that z G Im{f) + J'^ . 

Proving that Ker(p o /) C KQ>2 goes as in the ungraded case, as so does the proof of the 
uniqueness of Q. Both are left to the reader. D 

An weakly basic locally finite dimensional algebra A will be called connected when, for each 
pair {i,j) € I x L there is a sequence i = «o,U, •••,«« = j of elements of / such that, for each 
fc = 1, ...,n, either ei^_^Aei^ 7^ or a^Aci^^-^ ^^ 0. If Q is a graded quiver, we say that Q is a 
connected quiver when, for each pair (i,j) G Qo x Qo, there is a sequence i = io,*i, .-.,«« = j of 
vertices such that there is an arrow ik-i — >• ik or an arrow i^ -^ ife-i, for each fc = 1, ...,n. 
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Corollary 2.14. Let A = ©n>o^n be a split basic locally finite dimensional positively 'L-graded. 
Then there exists a positively "L-graded quiver Q, uniquely determined up to isomorphism of l-- 
graded quivers, such that A is isomorphic to KQ/I , for a homogeneous ideal I of KQ such that 
I C KQ>2- If, moreover, A is connected locally bounded, with Aq semisimple, and the equality 
An = Ai- '.'}. -Ai holds for all n > 0, then the following assertions are equivalent: 

1. A is graded pseudo-Frobenius 

2. There exists a graded Nakayama form of constant degree function {—,—): A x A — > K . 
In particular, the Nakayama automorphism rj is always graded in this case. 

Proof. The point here is that if a; S J" is a homogeneous element, then deg(a:) > n, which implies 
that J'^ does not contain homogeneous elements and, hence, that J" = 0. Then the first part 
of the statement is a direct consequence of proposition 12.131 Moreover, one easily sees that the 
connectedness of A is equivalent in this case to the connectedness of the quiver Q. 

As for the second part, we only need to prove that if(— ,— ) : Ax A — > K \sa. graded Nakayama 
form, then its associated degree function is constant. The argument is inspired by [32] [Proposition 
3.2]. We consider that A = KQ/I, where Q is connected. The facts that A^ is semisimple and 
An = Ax- .'?. -Ai, for all n > 0, then translate into the fact that the degree function deg : Qi — > Z 
takes constant value 1, so that the induced grading on KQ is the one by path length. 

Let now rj : A — > A be the Nakayama automorphism associated to (— , — ). If a : i — )■ j is any 
arrow in Q, then from corollarv 12 . Ill we get that 77(a) is a homogeneous element in e^u)Je,/ij) = 
e^{^i)Ae^[j). Since obviously deg(a) ^ 0, we get that deg(7y(a)) > deg(a), which implies that 
deg(?7(a;)) > deg(a;), for each homogeneous element x £ A. Let again a : i — >■ j be an arrow and put 
X = ri~^(a). We claim that x is homogeneous of degree 1. Indeed, we have x = xi -\- X2 -\- ■■■ + Xn, 
with deg(xfc) = k, so that a — r]{x) — r]{xi) + rj{x'), where x' — J22<k<n ^k and, hence, r]{x') is a 
sum of homogeneous elements of degrees > 2. It follows that a = ri\xi) and r]{x') — 0, which, by 
the bijective condition of ry, gives that x' — 0. Therefore a; = xi as desired. 

The last paragraph implies that, for each pair {i,j) G Qo x Qo such that there is an arrow 
i -^ j in Q, the map 77 induces a bijection e,j-i(^i)KQie^-nj-j -^^ CiKQiCj. Let now Q be the 
subquiver of Q with the same vertices and with arrows those a G Qi such that deg(77(a)) = 1. Then 
A = J is a subalgebra oi A = KQ/I such that the image of the restriction map rj.j^: A — > A 
contains the vertices and the arrows (when viewed as elements of A in the obvious way). Note 
that ?7|^ is a homomorphism of graded algebras, which immediately implies that it is surjective 

and, hence, bijective. But then necessarily A — A for 77 is an injective map. We will derive from 
this that deg(r/(a)) = deg(a), for each a G Qi. Indeed, if deg(?7(a)) > 1, then 77(0) = ri{x), for 
some homogeneous element x G A of degree deg(x) = deg(r7(a)). By the injective condition of 77, 
we would get that a = x, which is a contradiction. 

If now h : Qq — > Z is the degree function associated to the graded Nakayama form, the proof 
of corollarv 12.111 gives that ^-^(q) = /it(a), for each a G Qi. Due to the connectedness of Q, we 
conclude that ft, is a constant function. D 

3 Covering theory of graded categories and preservation of 
the pseudo-Frobenius condition 

3.1 Covering theory of graded categories 

In this part we will present the basics of covering theory of graded categories or, equivalently, of 
graded algebras with enough idempotents. It is an adaptation of the classical theory (see [35] . 
[20] . [8]), where we incorporate more recent ideas of [11] and [4], where some of the constraining 
hypotheses of the initial theory disappear. 

Let A = (BheHAfi and B = (BheHBh be two locally finite dimensional graded algebras with 
enough idempotents, with (ei)ig/ and {ej)j£j as respective distinguished families of homogeneous 
orthogonal idempotents of degree 0. Suppose that F : A — > S is a graded functor and that it is 
surjective on objects, i.e., for each j € J there exists 7 G / such that F{ei) = tj. To this functor 
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one canonically associates the pullup or restriction of scalars functor F^ : B — Gr — > A — Gr. If 
X is a graded left i3-module, then we put eiF''[X) = ep[i)X, for all z G /, and if a e IJ ■ ^,^j CiAci' 
and X e FP{X), then ax := F{a)x. It has a left adjoint F\ : A — Gr — > B — Gr, called the 
pushdown functor, whose precise definition will be given below in the case that we will need in this 
work. 

The procedure of taking a weak skeleton gives rise to a graded functor as above. Indeed, 
suppose that A is as above and consider the equivalence relation ~ in / such that i ~ i' if, and 
only if, Aci and Aci' are isomorphic graded ^-modules. If Jq is a set of representatives under this 
relation, then we can consider the full graded subcategory of A having as objects the elements of 
Iq. This amounts to take the graded subalgebra B = (BiA'^io^iAei', which will be called the weak 
skeleton of A. If we denote by [i] the unique element of Iq such that i ^ [i], then there are elements 
S,i G eiAoe[i] and ^~ € e[i]Aoei such that £,i£,~ = ei and £~ ^i = e[j]. We fix ^^ and £~ from now 
on. By convention, we assume that S,[i\ = e[i], for each [i\ G Iq. Now we get a surjective on objects 
graded functor F : A — > B which takes i ~^ [i] on objects and if a € CiAci' , then F{a) ~ £,j^^a^i'- 
If we take P — (Bi^igeiA then P is an iJ-graded S— A— bimodule and the pullup functor is naturally 
isomorphic to the 'unitarization' of the graded Horn functor, ^IIOMb(P, —): B — Gr — > A — Gr 
(see subsection 12. ip . It is an equivalence of categories and the pushout functor Fx gets identified 
with P (g)A — : A — Gr — > B — Gr, which, up to isomorphism, takes M -^ (Buzj^aM . 

Definition 9. Let A and B be as above. A graded functor F : A — > B will be called a covering 
functor when it is surjective on objects and, for each {i,j, h) Cz I x J x H , the induced maps 



^i'fzF~i{j)eiAhei' — > ep(i)Bhej 
^i'eF-^(j)Si'Ahei — > ejBheF{i) 



are bijective. 



We shall now present the paradigmatic example of covering functor, which is actually the only 
one that we will need in our work. In the rest of this subsection, A = (Bh^nAh will be a locally 
finite dimensional graded algebra with a distinguished family {ei)i^i of homogeneous orthogonal 
idempotents of degree 0, fixed from now on. We will assume that G is a group acting on A as a 
group of graded automorphisms (of degree 0) which permutes the e^. That is, if Aut^'^(^) denotes 
the group of graded automorphisms of degree which permute the Ci, then we have a group 
homomorphism ip : G — > Aut^'^(j4). We will write a^ = (p{g){a), for each a G A and g £ G. 
In such a case, the skew group algebra A -k G has as elements the formal A-linear combinations 
J2q£G '^9 * 5' '^ith ag € A for all g £ G. 

The multiplication extends by linearity the product {a-k g){b-k g') = ab^ * gg', where a,b £ A 
and g,g' G G. The new algebra inherits an iJ-grading from A by taking {A • G)h = A^ * G = 
{J2g£G '^g * g ^ A-k G : Og G A^, for all g £ G}. We have a canonical inclusion on i?-graded 
algebras i : A ^^ A-kG which maps a -^ a-kl, where 1 is the unit of G. 

Proposition 3.1. In the situation above, let A be the weak skeleton of A-kG and F : A-kG — > A 

the corresponding functor. Then the composition A ^^ A-k G — > A is a covering functor. The 

corresponding pushdown functor Fx : A — Gr — > A — Gr is exact and takes Aci --^ Ae[i], for each 

i€l. 

pp ^p 

Proof. The pullup functor is the composition A — Gr — > Ak; G — Gr — > A — Gr, so that the 

pushdown functor is Fxo tx- We know that Fx is an equivalence of categories. On the other hand 

Lx is naturally isomorphic to ^ • G ®a — : A — Gr — > AkrG ~ Gr since t^ is the usual restriction 

of scalars. The exactness oi A-kG ($a — implies that of Fx o lx and the action of this functor on 

projective objects takes Aci -w (A^G) (S^AAei = {AkcG)ei ~~+ Fx{{AkG)ei). But this latter graded 

A-module is isomorphic to Aerji by the explicit definition of the pushdown functor when taking a 

weak skeleton. 

In order to check that F o i is a covering functor we look at the definition of the weak skeleton. 

In our case (A*G)ei = (A*G)ej if, and only if, there are x G ei{A-kG)oej = (SgeG^i^o^gij)'*' g and 

y G ej{A* G)oei = ®ggGej^oeg(i) *5 that xy = Ci and yx = Cj. This immediately implies that i 

and j are in the same G-orbit, i.e., that e^ = Cj, for some g G G. The converse is also true for we 

have equalities Cj^g = (ej*l)(ei*5)(eg-i(j)*l) and Cg-i^i^-kg^^ = (eg-i(j)*l)(eg-i(j)*5r"^)(ei*l), 

16 



and also (ci *5)(eg-i(i) -^^ g^^) — ei* 1 and (sg-i^i) * g~'^){ei -k g) — eg-i(i) • 1, which shows that 
{A-kG)ei = {A-kG)eg-i(^i) for all 5 G G and i G /. 

What we do now is to take exactly one index i e / in each G-orbit and in that way we get 
a subset /q of /. Up to graded isomorphism, we have A = (Bijeig^ii^* G)ej. For the explicit 
definition of F, we put ^g(i) = eg(i) -kg and ^Z^^ — Ci * g^^, for each i £ Iq and g £ G. If 
g,g' e G and i,j G Iq, then the map F : eg(i)(j4 • G)eg/(j) — ^ CiAcj = ei{A -k G)ej takes 
a; -^ ^7ii)^^g'{j) — {^i ^ 9^^)^{^g'(j) *ff')- Then the composition 

takes a ~^ (e^ •g^-'^)(a* l)(eg/Q-) t^^') = a^ k g^^g' . 

The proof that i^ o t is a covering functor gets then reduced to check that \ii,i G /o and h E H 
then the maps 

®geGeg(i)Ahej — > e^A^ej = ei{A-kG)hej, {ag)geG -^ Z^oec'^g *3~^ 
(Bg^GEiAheg^j^ — )■ CiAhCj = ei{A-kG)hej, {bg)g^G ^ z2geG^9*9 

are both bijective. But this is clear since (Bg^Gisg{i)Ahej)^ *g^^ = ei{A-kG)hej = (Bg£GeiAheg(j)k: 

g. a 

Definition 10. If A — (BhenAh, G and A are as above, then the functor F o l : A — > A will be 
called a G-covering of A. 

If A and G are as in the setting, we say that G acts freely on objects when g(i) ^ i, for alH G / 
and gGG\{l}. In such case we can form the orbit category A/G. The objects of this category 
are the G-orbits [i] of indices i € I and the morphisms from [i] to [j] are formal sums X^gecl'^s]' 
where [og] is the G-orbit of an element Og G eiAeg(^jy This definition does not depend on i, j, but 
just on the orbits [i], [j]. The anticomposition of morphisms extends by /C-linearity the following 
rule. If a, 6 G IJi ,g/ ^tAcj and [a], [6] denote the G-orbits of a and b, then [a] ■ \b] = 0, in case 
[t{a)] ^ [i{b)], and [a] ■ [b] = [ab^], in case [t{a)] = [i{b)], where g is the unique element of G such 
that g{i{b)) — t{a). We have an obvious canonical projection tt : A — > A/G with takes a ~^ [a]. 
The following is the classical interpretation of A and is implicit in fl] . 

Corollary 3.2. Let A, G and A be as in proposition \3.1\ and suppose that G acts freely on objects. 
There is an equivalence of categories T : A ^^ A/G such that T o F o l : A — > A/G is the 
canonical projection. 

Proof. Let fix a set Iq of representatives of the elements of / under the equivalence relation ~ given 
by: i ^ j if, and only if, {A-kG)ei ~ {AkG)ej are isomorphic as graded (A * G)-modules. Then, 
by definition, A is the category having as objects the elements of Iq and CiAcj — ei{A-kG)ej = 
(Bg£G[siAeg(^j'f -kg] as space of morphisms from i to j. The functor T : A — > A/G is defined as 
T(i) = [i], for each i G /q, and by T{a-k g) = [a], when g € G and a G eiAeg(^j), with i,j G Iq. 

The functor is clearly dense. On the other hand, if Tf"(^ g^Og k g) = ^{J^geG^a *5)' with 
ag,bg G CiAcg^j) for some i,j G /o, then we have an equality of formal finite sums of orbits 
Soect^s] = SoggI^s]- "^^^^ implies that [og] — [5g], for each g e G, because if there is an 
clement cr G G such that cr^ag) and bh have the same origin an terminus, for some h G H, then 
a = id due to the free action on objects. But the equality [og] = [bg] also implies that Og = bg 
since i{ag) = i{bg) = i. Therefore T is a faithful functor. Finally, the orbit of any homogeneous 
morphism a m A contains an element with origin, say i, in Iq. Then, in order to prove that T is 
full, we can assume that [a] is the orbit of an element a G CiAcgf^j^ for some i,j G /q and some 
g E G. But then a-kg £ ei{A-kG)ej, and we clearly have T(a*g) — [a]. 

The equality of functor ToFot = 7ris straightforward. D 
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3.2 Preservation of the pseudo-Probenius condition 

Definition 11. Let A = (BheHAf,. be a graded pseudo-Frobenius algebra and G be a group acting 
on A as graded automorphisms. A graded Nakayama form (— , —): A x A — > K will be called 
G-invariant when (a^, b^) — (a, b), for all a,b ^ A and all g G G. 

The following is most important for us. 

Proposition 3.3. Let A — (BhenAh be a (split weakly) basic graded locally bounded algebra, 
with {ei)i^i as distinguished family of orthogonal homogeneous idempotents, and let G be a group 
which acts on A as graded automorphisms which permute the e^ and which acts freely on objects. 
Suppose that A is graded pseudo-Frobenius admitting a G-invariant graded Nakayama form (— , — ) : 
A X A — > K . Then A — A/G is a (split weakly) basic graded locally bounded pseudo-Frobenius 
algebra whose graded Nakayama form is induced from (—, — ). 

Proof. We put tt := Foi^ where F and t are as in proDOsition l3.1l We then know that tt is surjective 
on objects and each (homogeneous) morphism in A is a sum of (homogeneous) morphisms of the 
form 7r(a), with a G V]i jei^i^^J- ^^ ^^^^ P^^ ""(*) ~ W ^■'^'^ '"'(") ~ H; fo'^ each i ^ I and 
homogeneous element a G IJi iei ^i^^j- Note that [i] and [a] can be identified with the G-orbits 
of i and a (see corollary I3.2p . 

We first check that A is weakly basic whenever A is so. The functor F, which is an equivalence 
of categories, gives an isomorphism of algebras ei{A * G)oei = e[i]Aoe[i], for each i G I. But we 
have ei{A-kG)oei — ©ggGeiAoeg(i) -kg. This algebra is finite dimensional due to the graded locally 
bounded condition of A and the fact that G acts freely on objects. Then all nilpotent elements of 
ei{A-k G)oei belong to its Jacobson radical. It follows that m := eiJ{Ao)ei © (®g^ieiAoeg(i) -kg) 
is contained in J {ei{A -k G)oei) since, due again to the graded locally bounded condition of A and 
the free action of G, wc know that m consists of nilpotent elements. Since '^ m ~ ejM^'e- 
is a division algebra, we conclude that m — J(ei(A • G)oei) and that e^ijAoe^j] = ei{Ak G)oei is 
a local algebra. Moreover, we have that '^''J, .""l^'' = ^'L/. '°f\ = — ^iT^fr— , so that A is split 

° ' e[i] J(Ao)e[i] eiJ{{A*G)o) eiJ(Aa)ei^ ^ 

whenever A is so. 

We next prove that e[i]A/ie[j] C J^^{A) whenever [i] ^ [j]. But this amounts to prove that 
ei{A • G)ej C J^'^{A • G) whenever [i] ^ [j] since F : Ak G — > A is an equivalence of graded 
categories. Let us take x S ei{Ak G)hej. Recall that x G J^''"(A*G) if, and only if, ej — yx 
is invertible in ej{Ak G)oej, for each y G ej{Ak G)-hei- Let us fix such an x and assume that 
X ^ J3^{A k G). We then get y G ej{A • G)-hei such that Cj — yx is not invertible in the algebra 
ej{Ak G)oej, which is local by the previous paragraph. It follows that Cj — yx G J{ej{Ak G)oej), 
so that yx is invertible in ej{A k G)oej. By suitable replacement, without loss of generality, we 
can assume that yx = Cj — Cj k 1. We write x = J2q£G '^9*9 ^^'^ V ~ X^o' ^g' * 5'' where 

Og G CiAhCg^j) and bgi G ejA^heg'(^i). From yx = Ci we get the equality X^oGG^g^^'^g ~ ^i ^"^ 
A. But bg-i G CjAcg-n^i) C JS'^[A) because A is weakly basic. It then follows that Cj G J^'^{A), 
which is a contradiction. Therefore A is weakly basic. 

Suppose that A is basic, and let us prove that A is also basic. The argument of the previous 
paragraph is valid, by taking i = j and assuming h ^ 1. Using the fact that eiAheg-i(^i) C J^^{A) 
whenever g G G and h G H \ {1}, the argument proves that e[i]Ahe[i] C J^^{A) whenever h y^ 1. 

We pass to define the graded Nakayama form for A. We will define first graded bilinear forms 
< — , — >: e[i]Ae[j] x e[k]Ae[i] — > K, for all objects [i], [j], [k] and [I] of A. When [j] ^ [k] 
the bilinear form is zero. In case [j] = [k], we need to define < 7r(a),7r(5) > whenever a G 
®9,ff'6Geg(i)^eg/(j) and b G ®g,g'eGeg{j)Aeg,(^iy We define < 7r(a),7r(&) > when a,b G {j-i^jdAei, 
with [t{a)] = [i{b)] = [j] and then extend by X-bilinearity to the general case. Indeed we define < 
[a], [b] >= (a, b^), where g G G satisfies that g{i(b)) = t{a). Note that g is unique since G acts freely 
on objects. We leave to the reader the routine task of checking that <—,— >: e^i^Aey] x ey^Ae^k] 
is well-defined. The graded bilinear form <—,— >: A x A — > K is defined as the 'direct sum' of 
the just defined graded bilinear forms. 

We next check that it satisfies all the conditions of definition 21 We first check condition 2 in 
that definition. Let x,y G (Jm r i e[i]Ae[j] be such that < x,y >^ 0. Then we know that there 
is j G / such that t{x) — [j] — i{y). Fix such index j G L. Since the functor tt : A — > A 
is covering it gives bijections ®geGeg(i)Aej ^^ e[i]Ae[j] and ®geGGjAeg(k) ^^ e[j]Ae[fe], for all 
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G-orbits of indices [j] and [k]. We then put x — X^neG ""("^s) ^^"^ ^ ~ Tlin^G''^^9) such that 
flg e eg^i)Aej and 5g G ejAeg(k), for all g £ G. By definition of < — ,— >, we then have 
7^< X, y >= J2n q'eG^^a-i ^s'): which implies that there are g,g' £ G such that {ug, bgt) ^ 0. This 
implies that g' {k) = v{g{i))^ where u is the Nakayama permutation associated to (— , — ). But, due 
to the G-invariant condition of (— , — ), we have that v{g{i)) — g{v{i)). This shows that [k] = [v(i)\. 
It follows that < e[i]A, Ae[fe] >^ implies that [k] = [i^{i)]. Therefore assertion 2 of definition |4] 

holds, and the bijection P : I/G -^^ I/G maps [i] ^> [j^(«)]. 

The G-invariance of (— , — ) also implies that if h : / — > H is the degree function associated to 
(— , — ), then the graded bilinear form <—,— >: erji A x Aer^(j)i — > K is of degree hi := h(i), for 
each z g /. Then the map h : I/G — > H, [i] -^ hi, is the degree function of < — , — >. 

It remains to check that < xy, z >~< x,yz >, for all x,y, z £ A. For that, it is not restrictive 
to assume that x — [a], y — [b] and z — [c], where a, b, c are homogeneous elements in IJ^ -^j CiA 



e. 



In such a case, note that if one member of the desired equality < xy, z >—< x, yz > is nonzero, 
then t{x) = i{y) and t{y) = i{z) or, equivalently, [t{a)\ = [i(6)] and [t{b)\ ~ [i{c)]. If this holds, 
then we have 

< xy,z >=< [a][b], [c] >=< [afe^], [c] >= (a63,c»'), 

where g,g' G G are the elements such that g{i{b)) — t{a) and g'{i{c)) = g{t{b)). Note that then 
{g~^g'){i{c)) ~ t{b) and, hence, we also have 

< x,yz >=< [a],[b][c] >=< [a],[bc9'^9'] >= {a, {bcB^'^'y^ ^ {a^b'^cs'). 

The equality < xy, z >=< x, yz > follows then from the fact that (— , — ) : Ax A — > K is a. graded 
Nakayama form. D 

The following result completes the last proposition by showing how to construct G-invariant 
graded Nakayama forms in the split case. 

Corollary 3.4. Let A — (BhenAh be a split basic graded pseudo-Frobenius algebra and let G be a 
group of graded automorphisms of A which permute the Ci and acts freely on objects. There exist 
an element h = {hi)ii^i G Hie/ Supp(e.iSoCgr{A)) and basis Bi of eiAf^, for each i £ I, satisfying 
the following properties: 

1. hi — hgii\, for all i £ I 

2. g{Bi) = Bi and Bi contains an element of eiSoCgr{A), for all i £ I 

In such case the graded Nakayama form associated to the pair {B, h) (see definition [^ is G- 
invariant. 

Proof. We fix a subset Iq Q I which is a set of representatives of the G-orbits of objects. Then the 
assignment i ~^ [i] defines a bijection between Iq and the set of objects of A. For each i G /q, we 
fix an hi G Supp{eiSoCgr{A)) and a basis Bi of CiA/j. containing an element Wi G eiSoCgr{A), for 
each i G /q- Note that g{eiSoCgr{A)) — eg(^i-jSoCgr{A) since G consists of graded automorphisms. 
It then follows that hi G Supp{eg(^i)SoCgr{A)). Given j G /, the free action of G on objects implies 
that there are unique elements i £ Iq and g G G such that g{i) — j. We then define hj = hi 
and Bj = g{Bi), whenever j = g{i), with i G /q. Note that Bj contains the element g{wi) of 
ejSoCgr{A). It is now clear that h = {hj)j^i is in Ilip/ Supp{ejSoCgr{A)) and that Bj is a basis 
of CjAfij containing an element of ejSoCgr{A), for each j G /. It is also clear that if B :— Uip/ '^i 
then g{B) = B, for all g G G. 

By definition of the graded Nakayama form (— ,— ) : A x A — > K associated to {B,h) (see 
definition [7]) and the fact that Wj = g(wj) = Wg^f), for all 5 G G and j G /, we easily conclude that 
(— ,— ) is G-invariant. D 



The following is now an easy consequence of proposition 13.31 and its proof. We leave the proof 
to the reader. 

Corollary 3.5. Let A ~ (BhenAh be a weakly basic graded pseudo-Frobenius algebra and let 
(— , —): A X A — > K be a G-invariant graded Nakayama. The following assertions hold: 
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1. If 7] : A — > A is the Nakayama automorphism associated to (— , — ), then rj o g — g o rj, for 
all g e G 

2. Let < — , — >: A x A — > K he the graded Nakayama form induced from (— , — ) and let 
fj : A — >■ A be the associated Nakayama automorphism. Then fi{[a\) — [vi'^)] I^^ each 

4 The mesh algebra of a Dynkin quiver 

4.1 Stable translation quivers 

Recall that a stable translation quiver is a pair (r,T), where F is a locally finite quiver (i.e. given 
any vertex, there are only finite arrows having it as origin or terminus) and r : To — > Fq is a 
bijective map such that for any x, y G To, the number of arrows from a; to y is equal to the number 
of arrows from r(y) to x. The map r will be called the Auslander-Reiten translation. Throughout 
the rest of the work, whenever we have a stable translation quiver, we will also fix a bijection 
(T : Ti{x^y) — !• Ti{T{y),x) called a polarization of (r,T). Note that, from the definition of cr, one 
gets that r can be extended to a graph automorphism of T by setting T{a) = tT^(a) Va G Fi. If 
KT denotes the path algebra of F, then the mesh algebra of F is K{r) — KT/I, where / is the 
ideal of KT generated by the so-called mesh relations r^, where r^ — X^aer t(a)=x o'(fl)fli for each 
a; G Fq. Note that, when F is viewed as a Z-graded quiver with all arrows having degree 1, then 
/ is homogeneous with respect to the induced grading on KT. Therefore ^(F) is canonically a 
positively (Z-)graded algebra with enough idempotents and r becomes a graded automorphism of 

K{r). 

The typical example of stable translation quiver is the following. Given a quiver A, the stable 
translation quiver ZA will have as set of vertices (ZA)o = Z x Aq. Moreover, for each arrow 
a : a; — >■ y in Ai, we have arrows (n, a) : (n, x) -^ (n, y) and (n, a)' : {n, y) ^ (n + 1, x) in (ZA)i. 
Finally, we define T(n,x) = (n — l,x), for each {n,x) G (ZA)o, and a{n,a) = (n — l,a)' and 
cr(n, a)' ~ (n, a). 

In general, different quivers A and A' with the same underlying graph give non-isomorphic 
translation quivers ZA and ZA'. However, when A is a tree, e.g. when A is any of the Dykin 
quivers A„, D„+i, Eg, E7, Eg, the isoclass of the translation quiver ZA does not depend on the 
orientation of the arrows. 

A group of automorphism G of a stable translation quiver (F, r) is a group of automorphism 
of F which commute with r and a. Such a group is called weakly admissible when x^ n (gx)^ = 0, 
for each x G Fq, where x^ :— {y G Fq : Fi(a;, y) 7^ 0}. In such a case, when G acts freely on object, 
the orbit quiver T/G inherits a structure of stable translation quiver, with the AR translation f 
mapping [x] -^ [t{x)], for each a; G Fq U Fi. Moreover, the group G can be interpreted as a group 
of graded automorphisms of the mesh algebra K{T) and K{T)/G is canonically isomorphic to the 
mesh algebra of T/G. 

4.2 The mesh algebra of a Dynkin quiver. Basic properties 

Throughout this section A will be one of the Dynkin quivers A„, T)n+i {n > 3) or E„ (n = 6, 7, 8), 
and ZA will be the associated translation quiver. Its path algebra will be denoted by KI^A and 
we will put B = K{ZA) for the mesh algebra. 

When A = A2„-i, Eg or D^+i, with n > 3, the underlying unoriented graph admits a canonical 
automorphism p of order 2. Similarly, D4 admits an automorphism of order 3. In each case, the 
automorphism p extends to an automorphism of ZA with the same order. In the case of A2„ the 
canonical automorphism of order 2 of the underlying graph extends to an automorphism of ZA, 
but this automorphism has infinite order. It is still denoted by p and it plays, in some sense, a role 
similar to the other cases. This automorphism of ZA2 is obtained by applying the symmetry with 
respect to the horizontal line and moving half a unit to the right. Note that we have p^ = t^^ . 

Although the orientation in A does not change the isomorphism type of ZA, in order to 
numbering the vertices of ZA we need to fix an orientation in A. Below we fix such an orientation, 
and then give the corresponding definition of the automorphism p of ZA mentioned above. 
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1. If A = As, 



1 



then p(fc, i) = {k + i — n, 2n + 1 — i) 

2. If A = A2„_i : 

1 s-2- 

then p(k, i) ^ (k + i — n,2n — i) 

3. A = D„+i: 





2n , 



-^2n- 1 



1 
with n > 3, then p{k, 0) = (fc, 1), p{k, 1) = (fc, 0) and p fixes aU vertices (fc, i), with i ^ 0, 1. 

4. If A = D4: 





2 *-3 



then p fixes the vertices (fc, 2) and, for k fixed, it apphes the 3-cycle (013) to the second 
component of each vertex {k,i). 

5. If A = Eg: 



5-< 4-« 3 

then p(k, i) = (fc + i — 3, 6 — i) 
6. If A = £7: 



7. If A = Es: 



6^ 5^ 4-« 3-« 2-^ 1 



7^ 6-< 5-* 4-^ 3-< 2^ 1 

The fohowing facts are weh-known (cf. [TU] [Section 1.1] and [Hj [Section 6.5]). 



21 



Proposition 4.1. Let A be a Dynkin quiver, A be its associated graph, ca be its Coxeter number 
and B ~ K{'L/S) be the mesh algebra of the translation quiver ZA. The following assertions hold: 

1. Each path of length > ca — 2 m ZA is zero in B. 

2. For each {k,i) G (ZA)o, there is a unique vertex iy{k,i) £ (ZA)o for which there is a path 
(fc, i) — S> ... — S> vlk, i) in ZA of length ca — 2 which is nonzero in B. This path is unique, up 
to sign in B. 

3. If {k,i) — > ... — > {m,j) is a nonzero path then there is a path q : {m,j) — >■ ... —5- v{k,i) such 
that pq is a nonzero path (of length ca — 2 j 

4-. The assignment {k,i) -^ v{k,i) gives a bijection v : (ZA)o — > (ZA)o, called the Nakayama 
permutation. 

5. The vertex v{k,i) is given as follows: 

(a) If Is. = Ar, with r ^ 2n or 2n — 1, (hence ca = r + 1), then v{k,i) = pT^^'"'(k,i) = 
{k + i-l,r + l-i) 

(b) If A ^ Dn+i (hence ca = 2nj, then 

i. v(k, i) = T^^"{k, i) = (fc + n — 1, i), in case n + 1 is even 
ii. v(k,i) = pT^^"{k,i), in case n + 1 is odd. 

(c) // A = Eg (hence ca=12), then v{k,i) = pT~^{k,i). 

(d) If A — Ey (hence ca — 18J, with any orientation, then v{k, i) = T^^(fc, i) ~ {k + 8, i) 

(e) If A = 'Eg, (hence ca — 30 j, with any orientation, then v{k,i) = T^^'^{k,i) = (fc + 14, i). 

Corollary 4.2. B is a split basic graded Quasi- Frobenius algebra admitting a graded Nakayama 
form whose associate degree function takes constant value Z = ca — 2. 

Proof. By last proposition, we know that Be^k^-^ and e(k.i)B are finite-dimensional graded B- 
modules. In particular, both are Noetherian, so that _B is a locally Noetherian graded algebra. 
Note that e(fei)i?e(fci) = K, for each vertex (fc, i) £ Fq, and that J^^{B) = J{B) is the vector 
subspace generated by the paths of length > 0. Therefore B is clearly split basic. On the other 
hand, if v es the Nakayama permutation and we fix a nonzero path W(^k,i) '■ (k, i) -^ ■■■ -^ i^{k, i) of 
length Z = Ca — 2, then last proposition says that W(^k,i) is in the (graded and ungraded) socle of 
e(k,i)B. ^^ 

By conditions 2 and 3 of proposition 14. 1[ we have that dim(Soc(e(fc ^jB)) = 1 and that 
Soc(e(fc i)i3) is an essential (graded and ungraded) submodule of e(k_i)B). Note that B°'p is the 
mesh algebra of the opposite Dynkin quiver A°p, which is again Dynkin of the same type. Then 
also Be(^k,i) has essential simple (graded and ungraded) socle, which is isomorphic to S,y~i(^k.i)[I'] as 
graded left _B-module. Then all conditions of coroUarv 12.101 are satisfied, with v' — v~^ . 

By corollary I2.14[ we know that B admits a graded Nakayama form with constant degree 
function and, by proposition 12 . 1 2l and its proof, we have a unique choice, namely \\(k,i) = I for all 
(fc, i) £ Fq, because the support of SoCgr{e(^k,i)B) is {I}. D 

4.3 m-fold mesh algebras 

When F = ZA, with A a Dynkin quiver, it is known that each weakly admissible automorphism is 
infinite cyclic (see [35], [I]) and below is the list of the resulting stable translation quivers ZA/G 
that appear, where a generator of G is given in each case (see [IS])- In each case, the following 
automorphism p is always that of the list preceding proposition 14.11 



• 



A(™) = ZA/(r™), for A = A„,D„,E„ 



• 



• 



d(™) _ 



• F^^ 



ZA2„-i/(pt"). 
= ZB„+i/(pt'"). 
-ZE6/(pt'"). 
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As shown by Dugas (see [13] [Section 3]), they are the only translation quivers with finite- 
dimensional mesh algebras. These mesh algebras are isomorphic to A = B/G in each case, where 
B is the mesh algebra of ZA. Abusing of notation, we will simply write A = ZA/ < Lp >. These 
algebras are called m-fold mesh algebras and are known to be self-injective, a fact that can be 
easily seen by applying proposition 13.31 since the cyclic group G acts freely on the objects, i.e., on 
(ZA)o. They are also periodic (see [9]). 

Note that, except for L„ , each generator of the group G in the above list is of the form pr™, 
where p is an automorphism of order 1 (i.e. p — idzA), 2 or 3. This leads us to introduce the 
following concept, which will be used later on in the paper. 

Definition 12. Let A = ZA/ < pr™ > be an m-fold mesh algebra of a Dynkin quiver, possibly 
with p = idzA- The extended type of A will be the triple {A,m,t), where t is the order of p, in 
case A ^ L„ , and t = 2 when A = L„ • 

It is well-known that the stable Auslander algebra of any representation-finite self-injective 
finite dimensional algebra is an 77i-fold mesh algebra, but the converse is not true (see J13j and 
|27)). The reader is warned that the commonly used type of such an stable Auslander algebra (see 
[3], [13],[27]) does not coincide with the here defined extended type. 

4.4 A change of presentation 

For calculation purposes, it is convenient to modify the mesh relations. We want that if (fc,i) G 
(ZA)o is a vertex which is the end of exactly two arrows, then the corresponding mesh relation 
changes from a sum to a difference. When A = D„+i and we consider the three paths (fc, 2) — >■ 
(fc, i) -^ (fc+1, 2) {i = 0, 1,3), we want that the path going through (fc, 3) is the sum of the other two. 
Finally, when A = E„ (n — 5,6,7) and we consider the three paths (fc,3) —> {k,i) ^ {k + 1,3), 
we want that the one going through (fc, 0) is the sum of the other two. This can be done by 
selecting an appropriate subset X C (ZA)i and applying the automorphism of KZA which fixes 
the vertices and all the arrows not in X and change the sign of the arrows in X. But wc want the 
same phenomena to pass from i? to A = B/G, for any weakly admissible group of automorphisms 
G of ZA. This forces us to impose the condition that X is G-invariant, i.e., that g{X) — X for 
each g & G. 

Proposition 4.3. Let A be a Dynkin quiver, K1,A be the path algebra o/ZA, let I be the ideal of 
KTjA generated by the mesh relations and let G be the group of automorphisms of ZA generated 
by p and t, whenever p exists, and just by r otherwise. Let X C (ZA)i be the set of arrows 
constructed as follows: 

L If A ^ A2n-i, D4 and X' is the set of arrows given in the following list, then X is the union 
of the G-orbits of elements of X' : 

(a) When A = A2„, X' = {(0, i) ^ {0,i + l) : l<i<n-l andi^n (mod 2)]. 

(b) When A = D„+i, with n > "i, X' ^ {(0,i) -^ {{),i + 1) : 2 < i < n - 2 and i = 
(mod 2)}. 

(c) When A = Eg, X' = {(0, 2) ^ (0, 3)}. 

(d) lF/ie« A = E„ Cn = 7,8/, A' = {(0,2) ^ (0,3), (0,4)^(1,3), (0, 6) -> (1, 5)}. 

2. If A ~ D4 and G =< r™ >, then X is the union of the < r >-orbits of the arrows 
(0,2) -^(0,3) 

3. If A = A.2n-i and we denote by < — > the 'subgroup generated by', then: 

(a) When G ~< r™ >, X is the union of the < r >- orbits of arrows in the set X' = 
{(0, i) ^ {0,i + I) : I < i < 2n - 3 and i ^ (mod 2)}. 
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(b) When G —< pr"^ >. with m odd, X is the union of all < pr >-orbits of arrows in the 
set X' = {(0, i) -> (0, i + 1) : 1 < i < n - 1}. 

(c) When G —< pr"^ >, with m even, X is the union of the < p,T'^ >-orbits of arrows in 
the set X'l = {(0,i) — >■ (0,i + 1) : 1 < i < n — 2} and the G-orbits of arrows in the set 
X'^ = {(2r,z) -)> (2r,i + I) : Q <2r < m and i = n ~ l,n} . 

When A ^ A2n_i,D4, the given set X is G-invariant, for all choices of the weakly admissible 
group of automorphisms G. When A = A.2n-i, X is G-invariant for the respective group G. 

Moreover, let s : X — > Z2 be the signature map, where s{a) — 1 exactly when a (z X , and let 
(p : i^ZA — > KZA be the unique graded algebra automorphism which fixes the vertices and maps 
a -^ {—ly^'^'a, for each a G (ZA)i. Then <p{I) is the ideal 0/ iiTZA generated by the relations 
mentioned in the paragraph preceding this proposition. 

Proof. The G-invariance of X is clear. In order to prove that (^(/) is as indicated, note that the 
mesh relation X]t(a)=(fe i) ^(^)^ ^^ mapped onto ^t(a)=(ki)i.~^y'^'^'^°'''°''^'^^'^)'^^ '^i*'^ ^^^ signature 
s{p) of a path defined as the sum of the signature of its arrows. The result will follow from the 
verification of the following facts, which are routine: 

i) If (fc, i) is the terminus of exactly two arrows a and b, then the set X n {a, 6, a(a), cr(6)} has 
only one element. 

ii) When A = D„+i, with n > 3, and a : (fc - 1,3) ^ (fc,2), 6 : (fc - 1,0) -^ (fc, 2) and 
c : (/c — 1, 1) — > (fc, 2) are the three arrows ending at (fc, 2), then Xr\{a, b,c, cr(a),cr(6), cr(c)} = 
{aia)} 

iii) When A = E„ (n = 6, 7, 8) and a : (fc, 2) -^ (fc, 3), b:{k- 1,0)^ (fc, 3) and c : (fc - 1, 4) ^ 
(fc, 3) are the three arrows ending at (fc, 2), then s{a{b)b) 7^ 1 = s{a{a)a) = s{a{c)c). 

□ 

Corollary 4.4. With the terminology of the previous proposition, the mesh algebra is isomorphic 
as a graded algebra to B' := KTj/S./ Lp{I) and, in each case, the ideal ^p{I) is G-invariant. In 
particular, G may be viewed as group of graded automorphisms of B' and ip induces an isomorphism 
B/G ^ B'/G. 

Proof. Since ip is a. graded automorphism of iiTZA it induces an isomorphism B = KZA/I ^^ 
K'ZA/p{I) = B' . If we view G as a group of graded automorphisms of K^LA, then the fact that X 
is G-invariant implies that p° g = goip, for each g G G. From this remark the rest of the corollary 
is clear. D 

Remark 4.5. When A = D4 and G =< pr™ >, one cannot find a G-invariant set of arrows X 
as in the above proposition guaranteeing that, each fc G Z, the path (fc — 1, 2) — > (/c — 1, 3) — ?► (fc, 2) 
is the sum of the other two paths from (k — 1,2) to (fc,2). This is the reason for the following 
convention. 

Convention 4.6. From now on in this paper, the term 'mesh algebra' will denote the algebra 
K'ZiA/p(I) given by corollary \4.4\ or just KliD ^ / 1 in case (A,G) = (D4, < pr™ >). This 'new' 
mesh algebra will be still denoted by B. 

5 The Nakayama automorphism. Symmetric m-fold mesh 
algebras 

5.1 The Nakayama automorphism of the mesh algebra of a Dynkin 
quiver 

The quiver ZA does not have double arrows and, hence, if a : a; — ?> y is an arrow, then there 
exists exactly one arrow v{x) — t- v{y), where v is the Nakayama permutation. This allows us to 
extend v to an automorphism of the translation quiver ZA and, hence, also to an automorphism 
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of the path algebra K'L/S.. Moreover, due to the (new) mesh relations (see proposition 14.31 and 
the paragraph preceding it), we easily see that if /' is the ideal of iiTZA generated by those mesh 
relations, then v{I') = /'. Note also from proposition 14.11 that . as an automorphism of the quiver 
ZA, we have that v = t^ oy v = pr^ , for a suitable natural number k. It follows that if G is any 
weakly admissible automorphism of ZA, then vog = gov for all g G G. All these comments prove: 

Lemma 5.1. Let A be a Dykin quiver, B be its associated mesh algebra and G be a weakly 
admissible automorphism o/ZA. The Nakayama permutation v extends to a graded automorphism 
V : B — > B such that v o g — g o i/, for all g £ G. 

The following result is fundamental for us. 

Theorem 5.2. Let A be a Dynkin quiver with the labeling of vertices and the orientation of the 
arrows of subsection \4.2\ and let G =< (p > be a weakly admissible automorphism of ZA. If rj is 
the graded automorphism of B which acts as the Nakayama permutation on the vertices and acts 
on the arrows as indicated in the following list, then rj is a Nakayama automorphism of B such 
that r] o g — g o rj, for all g ^ G. 

L When A — A„ and Lp is arbitrary, ri{a) = via) for all a G (ZA)i 

2. When A = D„+i : 

(a) Ifn + l>4:and'p^ r™ then: 

i. rj{a) = —v{a), whenever a : {k,i) — > {k,i + 1) is an upward arrow with i G 

{2,...,n-l}. 
ii. r/{a) — via), whenever a : {k,i) — > (fc + l,z — 1) is downward arrow with i G 

{3,...,n}. 
Hi. rj{ei) = (— l)*i^(£i), for the arrow £i : (fc, 2) — > (k, i) (i = 0, 1), 
iv. T]{e'i) = {-iy+^v{e'^), for the arrow £[ : (fc, i) — > {k + 1, 2) (i = 0, 1). 

(b) // n + 1 > 4 and p == pr™ then: 

i. ri{a) — —iy{a), whenever a is an upward arrow as above or a : {k,i) — > (fc + l,i — 1) 

is downward arrow as above such that fc = — 1 (mod m). 
ii. ri{a) = v{o!), whenever a : {k,i) — > (fc + l,i — 1) is downward arrow such that 

k ^ —l(mod m) 
Hi. For the remaining arrows, if q and r are the quotient and rest of dividing k by m, 
then 

r,(e,) = (-l)'+V(£,)/« = 0,i;. 
vi^i) = (^l)''^'^"'"'^(£i); when r ^ m — 1, and r]{£^) — (— 1)''+V(£j) otherwise 

(c) If n + 1 — 4 and ip — pT^'' (see the convention \^.(^ , then: 

i. r](ei) = v{ei), whenever e^ : (fc, 2) — > (fc, i) (i = 0, 1, 3j 
ii. r\{e'^ = —^{e^), whenever e[ : (fc, i) — s> (fc + 1, 2) (i = 0, 1, 3j. 

3. When A ^^q: 

(a) Ifip^ r™ then: 

i. r/{a) — via) and r]{a ) = —v{a ), where a : (fc, 1) — )> (fc,2) and a : (fc, 2) — >■ 

(fc + 1,1). 
ii. riilS) = v{l3) and r]{l3') = -i^iP'), where /S : (fc, 2) -^ (fc, 3) and /?' : (fc, 3) -> 

(fc + 1,2). 
Hi. ri{'-/) — (^(7) andri{'y ) — — i^(7 ), where j : (fc, 3) — > (fc,4) andj : (fc,4) — > (fc+1,3). 
iv. r]{d) = -i^((5) and r]{S') — 1^(5'), where S : (fc,4) -> (fc,5) and S : (fc, 5) ^> (fc + 1, 4). 
V. rj{e) — ~v{£) and rj{e ) — v{e ), where e : (fc, 3) -^ (fc, 0) and e : (fc, 0) ^> (fc + 1, 3). 

(b) If if = pr"^ , {k,i) is the origin of the given arrow, q and r are the quotient and rest of 
dividing k by m, then: 
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i. r/{a) = ^{a). 

ii. ri{a ) = —v{a ). 

m. r/(/3) = (-l)V(^) 

IV. rjiP') = (-l)9+iiy(/3') 

u r,(7) = (-l)^i^(7) 

w. 77(7 ) — iy{'-/ ), w/ieK either q is odd and r ^ m — \ or q is even and r = m — 1, and 

ri{'-/ ) = —i^i"f ) otherwise, 

vii. r]{S) = —^{5) 

via. r]{S ) = 1/(6 ). 

ix. 77(e) = ~i^{£) 

X. rj{e ) ~ '-v{e ), when r ~ m — 1, and rj{e ) = v{e ) otherwise. 

4. When A = E7, ip = t™- , and then: 

i r]{a) is given as in 3. (a) for any arrow a contained in the copy o/Eg. 
ii 77(C) = viC) and rj{( ) = —h'{C ), where ( : (fc, 5) — )► (fc, 6) and ( : (fc, 6) — !> (fc + 1, 5). 

5. When A = Eg, (p — r™, and then: 

i ri{a) is given as in 4 for any arrow a contained in the copy 0/E7. 
ii ri{9) = v{e) andr]{9') = -1^(9'), where 9 : (fc,6) -^ (fc,7) and 6' : (fc, 7) -^ (fc + 1,6). 

Proof. Let ly be the Nakayama permutation of the ZA (see proposition 14. ip . By corohary 14.21 
we know that S'oCgr(e(fc,i)-B) — Soc{e(^k,i)B) is one-dimensional and concentrated in degree / = 
ca — 2, for each (fc,i) £ ZAq. By applying corollary 13.41 after taking a nonzero element W(^k.i) G 
^(k,i)SoCgr{B), for each (fc, i) G (ZA)o, we can take the graded Nakayama form (— , —): B x B — > 
K of degree / associated to 6 = (6(j, i))(fc ^^g^Ao (see definition [7]) , where ;B(fci) — {wfj-i)} is a 
basis of e(k.i)Bie^(k,i), for each {k,i) £ ZAq. It is clear that the so obtained graded Nakayama 
form will be G-invariant whenever B = UffciiezA ^(k.i) is G-invariant. Moreover, in such case 
the associated Nakayama automorphism rj will satisfy that rj o g = 5 o 77, for all 5 S G (see 
corollary 13. 5p . The canonical way of constructing such a G-invariant basis B is given in the proof 
of corollary 13.41 Namely, we select a set /' of representatives of the G-orbits of vertices and a 
element ^ W{k,i) G G{k,i)SoCgr{B), for each (fc, i) € I'. Then B — {g(w(fci)) : g &G, {k,i) G /'} 
is a G-invariant basis as desired. However, note that if we choose B to be r-invariant, then it is 
G-invariant for G =< r™ >. So, in order to construct B, we will only need to consider the cases 
ip — T and Lp — pr"^ 

To construct B when A = A„ has no problem, for all paths of length I — c/\ ~ 2 from (fc, i) to 
;y(fc, i) are equal in B. So in this case the choice of wii^.i\ will be the element of B represented by a 
path from (fc,i) to v{k,i) and B = {w^j. j) : (fc, i) £ (ZA)o} is G-invariant for any choice of 1^9. So, 
on what concerns the calculation of B, we assume in the sequel that A is either D„_|_i or Eg. For 
these cases, li ip — t we will take /' = 5, where S :— {(0,i) : i £ Aq} is the canonical slice. The 
desired elements 7«(o,i) £ e(Q^i)SoCgr{B) are the paths given below. If 1^9 = pr™ and A = D„+i, 
with 7T, > 3, we will take /' = {(fc, i) : i £ Aq and < fc < m} and we will put W(^k,i) = ''' '^('^(o,i))i 
for each (fc,i) £ /'. On the other hand, if 1^ = pr™ and A = Eg we will consider the slice 
T = {(0,i) : i = 0,3,4,5} U {(1, 2), (2, 1)}, which is p-invariant, and then take /' = {T-'=(r,«) : 
(r, i) £ T and < fc < 771}. The paths wioij {i = 0,3,4,5) will be as in the case Lp — t, and we 
will define below the paths W(i,2) ^-nd ^(2^1) below. Then we will take w^-kr^j\ — T~^{w(r-j)), for 
all (r, j) £ T and < fc < m. 

When A = D4 and p = pr™ (see the convention 14. 6p . we slightly divert from the previous 
paragraph. We take W(o,o) — eo^ifieo and ^(0,2) = e'^eie'iEo. Due to the fact that all nonzero 
paths from (0, 2) to 7^(0, 2) = (2, 2) are equal, up to sign, in B we know that the action < p > on 
those paths is trivial. The base B will be the union of the orbits of wiqq\ and ^(0,2) under the 
action of the group of automorphisms generated by p and r. 

Suppose that A = D„+i, with n > 3 in case Lp = pr™. To simplify the notation, we shall 
denote by u, v and w, respectively, each of the paths of length 2 
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(r,2)^(r,0)^(r + l,2) 
(r,2)^(r,l)^(r + l,2) 
(r,2)^(r,3)^(r + l,2), 

with no mention to r. Then a composition of those paths (r, 2) ^ (r + 1, 2) — > ... — ;> (r + «, 2) wih 
be denoted as a (noncommutative) monomials in the u,v,w. 

We wiU need also to name the paths that we will use. Concretely: 



1. 7(fc,i) is the downward path (fc, i) 

2. (5(m.j) is the upward path (m, 2) 



(fc+« — 2, 2), with the convention that 7(^,2) = ^(k,2)- 
{m,j), with the convention that (5(m^2) = &(rn,2)- 



3. e(fcj) is the arrow (fc, 2) — > {k,j) and e,^ s is the arrow (fc, j) — > {k + 1, 2), for j = 0, 1. 
Our choice of the wtQi\ is then the following: 

(a) W(aA) = 7(o,i)Wwww...(5(„_i,i) whenever i = 2, ...,n. 

(b) W(o,o) == £(o,o)^"""---<^i^(o,o) 

(c) W(o4) = £(o4)"«""---e!^(o,i) 

(note that, for j ~ 0, 1, the vertex z^(0, j) depends on whether n + 1 is even or odd). 
If A = E„ with n = 6, 7, 8, we name the paths from (fc, 3) to (fc + 1, 3) as follows: 

u: (fc,3) -> (fc,0) ^ (fc + 1,3) 

w: (fc,3) -^ (fc,4) ^ (fc + 1,3) 

w: (fc,3) ^ (fc + 1,2) ^ (fc + 1,3). 

Then any path (fc,3) — > ... — > (fc + r, 3) is equal in i? to a monomial in u,v,w, with the obvious 
sense of 'monomial'. We then take: 

1. When A = Eg 

(a) W(o_3) is the path 



vwvwv 



-^3 



(b) W(o.o) is the path 



-^0 



(c) W(o,2)i in case (p ^ t, and ui^ 2)1 in case (p — pr™, is the path 



3 ^ 3 



and 

(d) ^1(0,4) is the path 



3 s- 3 
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(e) W(o,i), in case ^p — t^ and ^(2,1), in case </? = /9t™, is the path 



(f) W(o,5) is the path 



2. When A = E7 

(a) ^(0.3) is the path 

(b) W[Qfi-j is the path 

(c) w^o.i) is the path 



6 ^ 6 



6 ^ 6 



3 s^ 3 



s-3- 



vwvwvwv 



3 ^ 3 



3 ^0 



(d) W(o,2) is the path 



n vwvwvwv o 

3 s- 3 
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(e) W(o,4) is the path 



(f) ^(0,5) is the path 



(g) W(o.6) is the path 
6 



wvwvwvw 



6 ^ 6 



3. When A = Eg 

(a) u'(o,3) is the path 

(b) W(o,o) is the path 

(c) W(o,i) is the path 



6 ^ 6 



(vw) 



-^3 



^3- 



(vw)" 



3 ^0 



(d) W(o,2) is the path 



(vwf 

3 ^3 
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(e) W(o,4) is the path 



(wvy 
3 *-3 



(f) W(o,5) is the path 



3 -—^3 



(g) W(o,6) is the path 
6 



(h) W(o,7) is the path 



3 ^ 3 

with the abuse of notation of omitting k when showing a vertex (fc, 0) in the given diagrams. 

Once the G- invariant basis B of SoCgr{B) = Soc{B) has been described, the strategy to identify 
the action of the associated Nakayama automorphism ry on the arrows is very simple. Given an 
arrow a, we take a path q : t{a) -^ ... ^)- h'{i{a)) of length I — 1 such that aq is a nonzero path. 
Then we have aq — (— l)"^"''wi(a), so that, by definition of the graded Nakayama form associated 
to B, we have an equality (a, q) = (— l)"*^"'. Since the quiver ZA does not have double arrows we 
know that 77(a) ~ X{a)h'(a), for some A(q;) S K*. In particular we know that qi^ia) is a nonzero 
path (of length I) because (g, 77(a)) = (a, g) 7^ 0. If we have an equality qv{a) = (— l)"^"-*7x^t(a) in 
B, then it follows that (-!)«(") = {a,q) = {q,r](a)) = \{a)(q,iy{a)) ^ A(a)(-1)^("). Then we get 
A(a) — (—!)"(")""(") and the task is reduced to calculate the exponents 7i(a) and v{a) in each 
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case. Taking into account that we have i] o g — g orj, for each 5 e G, it is enough to calculate u{a) 
and v{a) just for the arrows starting at a vertex of /'. 

We pass to consider the situation for each of the three Dynkin quivers: 

1) A = A„: This is trivial and we have 77(0:) = (^(a), for each a G (ZA)i. 

2) A = D„ , 1 : 



We stiU use j(k,i), ^imj), ^{kj) and £/j, -j with the same meaning as above. We will use the 
letter a to denote un upward arrow (fc, i) — > {k,i + 1), with i = 2,...,n — 1, and the letter /3 to 
denote a downward arrow (fc, i) ^ (fc + 1, i — 1) with i ~ 3, ..., n. We will also consider the arrows 



£(fcj) : (fc,2) -^ {k,j) ande;^- 



'■(k-.j) 



{k,j) — !- (fc + 1, 2), for j — 0, 1. In all cases we consider 



that the origin of each arrow is a vertex of /'. We will now create a table, where, for each of these 
arrows a, the path pa will be a path of length / — 1 from t(a) to v{i{a)) such that apa ^ in B. 
Then u{a),v{a) will be elements of Z2 such that apa ~ {—^Y'^°'^Wi{a) and Pav[a) = {—iy''°'^Wt(a)- 
The routine verification of these equalities is left to the reader. 

a) For the cases when ip = r™, it is enough to consider that m — 1, for ii j] o t — rj o rj^ then 
T] o r™ — T™ o ry, for all ?Ti > 1. For ip ^ t: 



a 


Pa 


u{a) 


v{a) 


a:{0,i)^{0,i + l) 


7(o,i+i)WuwM...(5(„-i^j) 





1 


/3:(0,z)^ (1,7-1) 


-til.i~l)UVUV...6ln_l^i) 








/ 

^0 


(0,0)^(1,2) 


VUVU... 6^(^0,0) 





1 


s[ 


(0,1) -^(1,2) 


MWUW...£,,(o,i)) 








£0 


(0,2) -^(1,0) 


e'qVuv... 








£1 


(0,2)^(0,1) 


e[uvu... 


1 






and assertion 2. a follows. 

b) When ip = pr"^ and n > 3, for the arrows a starting and ending at a vertex of /', we take pa 
as in the table above and u{a) and v{a) take the same values as in that table. In the corresponding 
table for this case, it is enough to give only the data for the arrows which start at a vertex of /' 
but end at one not in /': 



a 


Pa 


u(a) 


v{a) 


(3 : {m — l,i) ^- (m, i — 1) 


l{m,t-l)UVUV...S(^+n-2,i) 





1 


4:(TO-l,0)^(m,2) 


WMWU...e,,(„_1^0) 








e[ : (m-l,l)^(m,2) 


UTOW...£,,(,„_i4)) 





1 



These values come from the fact that W(^rn,i) = P''' ™(w(o,i)) = 7(m.i)''^ww''^---'5(m+n-i,i)i for each 
i = 2,...,n. It is now clear that assertions 2.b.i and 2.b.ii hold. As for 2.b.iii, put I'{q) — {{k,i) : 
qm < k < {q + l)m and i GG Aq}, i.e., the set of vertices (fc, i) such that the quotient of dividing k 
by m is q. If Eq : (fc, 2) — > (fc, 0) has origin (and end) in I'{q), then pT^"^{eo) = £1 : (fc + to, 1) — > 
(k + TO,, 2). The symmetric equality is true when exchanging the roles of and 1. It follows that 
77(£o) — '^(co) (resp. ??(£i) = — i^(£o)) when the origin of £0 (resp. £1) is in I'{q), with q even, and 
?7(£o) — —i^i^o) (resp. i]{ei) ~ i^(ei)) otherwise. That is, we have ri{ei) — (— 1)''+V(£i). 

A similar argument shows that if fc ^ -1 (mod m) and £' : (fc,j) — > (fc + 1,2), then we 
have r]{e'j) = {-l)'^+i+^i^{e'j). Finally, if e^- : {{q + 1)to - 1, j) -^ {{q + 1)to,2) we get that 
ri{e'j) — (— 1)''+-'V(£' ), which shows that the equalities in 2.b.iii also hold. 

c) Suppose now that A = D4 and ip — pT"^ i where the mesh arrows are the original ones 
f(k,i) = ^t(a)=(k i) ^(fl)«- Note that if Si : (fc, 2) —> (fc, i) and e[ : (fc, i) — > (fc + 1, 2), for i = 0, 1, 3, 



then we have w 



(k,i) 



'Pii)^p{: 



.Ei and w, 



The corresponding table is then given as 



(fc,2) 



£i£,-£ 



i^Pii)^pii) 



'^Pii)'^p{ifi^i^ fO'^ a-ll * 



0,1,3. 



a 


Pa 


u(a) 


v(a) 


< 


c- e-' e- 
^P(*)^p(i) * 





1 


£i 


^i'^P(i)'^'p(i) 
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3) A = E„ (n = 6,7,8): 

For the sake of simplicity, we will write any path as a composition of arrows in {a, a , /3, /3 , 7, 7 , 
6,6 , C: C'l ^? ^'Sj £ } whenever they exist and assuming that each arrow is considered in the appro- 
priate slice so that the composition makes sense. 

Also, we denote by v, u and w, respectively, each of the paths of length 2 

(r,3) — > (r,0) — > (r + 1,3) 

(r,3)^(r + l,2)^(r + l,3) 

(r,3) ^(r,4) ^(r + 1,3) 

with no mention to r. Then /3 /3 = w, 77 — v and ee = u. It is important to keep in mind that 
u = V + w . Also notice that, as with D„_|_i, for the case when (/? = r™ it is not restrictive to 
assume that m ~ 1. Then /' = {(0, i) : i ^ Aq}. 



1. If A 



^6 



, using the mesh relations, one gets, among others, the equalities m^ 



w 



0, 



vwv = wvw, vw V = —vwv — V wv and vwvwv 
Then, if (^ = t™, the table is the following: 



-wvwvw. 



a 


Pa 


u{a) 


v{a) 


a: (0,1) ^(0,2) 


(iv'^'w^6 








/3: (0,2) ^(0,3) 


VWVW"f 








7: (0,3) ^(0,4) 


"f'wvwv 








6: (0,4)^(0,5) 


5'-i'w^vp' 


1 





s: (0,3)^(0,0) 


e'vwvw 


1 





a' : (0,2)^(1,1) 


a/3v''^wj 


1 





/3':(0,3)^(1,2) 


j3vwvw 


1 





7': (0,4) ^(1,3) 


wvwv/3' 





1 


,5': (0,5) ^(1,4) 


iw^vP'a' 








£':(0,0)^(1,3) 


vwvwe 









From this table the equalities in 3. a follow. 

Suppose now that (p = pr"^ and recall that in this case we take /' = {T^'''{r, i) = {k + r, i) : 
(r,i) e T andO < fc < m}, where T = {{0,i) : i = 0, 3,4, 5} U {(1, 2), (2, 1)}. Arguing as in 
the case of D„+i, we see that the values u{a) and v{a) are the ones in the last table, when 
i{a),t{a) £ /'. We then need only to give those values for the arrows a with origin in /' and 
terminus not in /'. We have the table: 



a 


Pa 


u{a) 


v{a} 


a : (to + 1,1) ^ (to +1,2) 


fiv'^w^6 








/3:(TO,2)->(m,3) 


VWVW"f 





1 


7' : (to-1,4) -^ (to, 3) 


wvwvf5' 








6' : (to-1,5) -> (to, 4) 


-f'w'^vl3'a' 








e' : (to -1,0)^ (to, 3) 


vwvwe 





1 



We have used in the construction of this table the fact that i«(a;,2) — f3vwvwj and W(fc,4) = 
"f'wvwv/3' , for all k E Z,, while W(2r.3) = vwvwv and W(2r+i,3) = wvwvw. 

Note that, with the labeling of vertices that we are using, we have that p{k, i) = (fc+i— 3, 6— i), 
for each (fc,i) S (ZA)o. For each q a "L, we put I'{q) := {pT~"^Y{I'). When passing from 
a piece I' {q) to I' {q + 1) by applying pr^"^ , and arrow a is transformed in an arrow 6' and 
an arrow 6' y an arrow a. From the last two tables we then get that rj^a) — i^{a) and 
r]{6') = i^{6'), for all arrows of the type a or 6' in ZA. 

The argument of the previous paragraph can be applied to the pair of arrows (7, /3') instead 
of {a, 6') and we get from the last two tables that 77(7) = (^(7) (resp. ri{/3') — —v{(i')) when 
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7 (resp. /3') has its origin in I'{q), with q even, and 77(7) — —v{'^) (resp. ?7(/3') — v{l3')) 
otherwise. From this the formulas in 3.b concerning 7 and /3' are clear. 

We apply the argument next to the pair or arrows {5, a') and get that rj{5) = —v{5) (resp. 
'q{a') = ^v{a')), for all arrows of type 5 or a' in ZA. 

An arrow of type e (resp. e') is transformed on one of the same type when applying pr^"^ . It 
then follows that ri{e) — —i'{e), for any arrow of type e. It also follows that ri{e') — —i^{e'), 
when the origin of e' is (fc, 0) with k = —1 (mod m), and ri(e') ~ v(e') otherwise. 

We finally apply the argument to the pair of arrows {/3,j'). If we look at the two pieces 
/'(O) and /'(I), then from the last two tables we see that if (3 : (fc,2) — > (fc, 3), with (fc,3) G 
/'(0)U/'(1), then r]{l3) = i^(/3), when k e {1, 2, ...,to - 1, 2m}, and r/(/3) = -i^(/3), when 
k G {m,m+ l,...,2m — 1}. We then get that ri{(3) = (— l)''i^(/3), where q is the quotient of 
dividing k by m. By doing the same with 7' : (fc, 4) — > (fc + 1, 3), we see that 77(7') = —1^(7'), 
when k G {0, 1, ..., to — 2, 2?Ti — 1}, and 77(7') = ^(7')i when k G {jti — 1, m, ..., 2?Ti — 2}. If now 
A: G Z is arbitrary, then that 77(7') = 1^(7') if, and only if, k ^ Uiez(2^'™ ^ 2' (^^ + ^)''^ ^ ^)- 
Equivalently, when q is odd and r ^ m — 1 ot q is even and r = ttt, — 1 . 



If A = E7, then wc have, among others, the equalities u^ — w'^ — v'^ ~ 0, vwv ~ wvw — v^ 
and vwvwv = —wvwvw. Since ip — 



we get the following table: 



a 


Pa 


u{a) 


v{a} 


a: (0,1)^(0,2) 


j3v'^ wvwv P' a' 








/3: (0,2) ^(0,3) 


vwvwvwvfi' 








7: (0,3) ^(0,4) 


j'wvwvwvw 








5: (0,4) -^(0,5) 


d'j'wv'^'wvwj 





1 


C: (0,5) ^(0,6) 


('S'^wV-^w^S 








e: (0,3) ^(0,0) 


e'wvwvwvw 





1 


a': (0,2) ^(1,1) 


aPvwvwv'^ P' 





1 


/3': (0,3) ^(1,2) 


(ivwvwvwv 


1 





7': (0,4) ^(1,3) 


WVWVWVWJ 





1 


<5': (0,5) ^(1,4) 


^'w'^vwvw^fS 








C': (0,6) ^(1,5) 


S'^'w'^vw'^^SC, 





1 


e': (0,0)^(1,3) 


vwvwvwve 









From this table the equalities in 4 follow. 

3. If A = Eg, as in the previous case, (p = r™ and, considering the equalities u^ = w^ = v^ = 0, 
vwv = wvw — v^, (vw)^ ~ (wv)^ + vwv^ — v'^wv, (vw)^ = (wv)^ + {wv)^vwv^ 
and [vwy = — (ww)^, we obtain the table below: 



a 


Pa 


u{a) 


v{a) 


a: (0,1) ^(0,2) 


Pv\wvfP'a' 








/3: (0,2) ^(0,3) 


{vw^vji' 








7: (0,3) ^(0,4) 


"f'w{vw)^ 








,5: (0,4) ^(0,5) 


5'^'wv^ {wv)'^w'j 





1 


C: (0,5) ^(0,6) 


C'S'j'wV^ {wv)'''wjS 








e : (0,6) -^ (0,7) 


9'C5'j'wv*wv'w'^jSC 








e: (0,3) ^(0,0) 


e'w{vw)'^ 







c.': (0,2) ^(1,1) 


al3{vwfv^l3' 







/?':(0,3)^(1,2) 


(3{vwfv 


1 




7': (0,4) ^(1,3) 


{wv)'^wj 







5': (0,5) ^(1,4) 


j'w''^{vw)'^j5 







C': (0,6) ^(1,5) 


S'-y'w'^ {vw)^w'yS(^ 







e': (0,7) ^(1,6) 


C'5'iwv''wv^w'-l5Ce 







£':(0,0)^(1,3) 


{vw)'^V£ 









From this table the equalities in 5 follow. 
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D 

Remark 5.3. When A = Eg and ip = pr, then q = k and r — in 3. b of the last proposition. The 
explicit definition of ri{'^') should be clarified. A follow-up of our arguments shows that ri(^') = 
(— l)'^j/(7') in that case. 

5.2 Two important auxiliary results 

Recall that a walk in a quiver Q between the vertices i and j is a finite sequence i = io -H- Ji -H- 
...ir-i -^ ir — j, where each edge ik-i ^ ik is either an arrow ik-i -^ ik or an arrow ik —5- ik-i- 
We write such a walk as a^^...a^'', where a^ are arrows and e^ is 1 or —1, depending on whether 
the corresponding edge is an arrow pointing to the right or to the left. 
We will need the following concept from j24| : 

Definition 13. Let Q be a (not necessarily finite) quiver. An acyclic character on Q (over the 
field K) is a map x '■ Qi — >■ K* such that if p — a^^ ...ap' and q — (3-^^ .../3s° are two walks of length 
> between any given vertices i and j , then Y[i<i<r xi^tiY^ — HkiXs x(/^i)^^ • 

The following general result will be very useful. 

Lemma 5.4. Let A = ®n>oAn be a basic positively Z- graded pseudo-Frobenius algebra with enough 
idempotents such that CiAoCi = K, for each i G I, let G be a group of graded automorphisms of A 
acting freely on objects such that A = A/G is finite dimensional and let f,h:A — > A be graded 
automorphisms satisfying the following three conditions: 

i) f and h permute the idempotents Ci 

**j /(^i) = h{ei), for all i ^ I 

***j f ° 9 — 9 ° f '^i^d h o g — g o h, for all g Q G. 

Then the following assertions hold: 

1. The assignment [a] -^ [f{a)], with a G IJ,- -^j CiAcj, determines a graded automorphism f of 
A = A/G, and analogously for h. 

2. For f and h as in assertion 1, the following assertions are equivalent: 

(a) f~^h is an inner automorphism of A 

(b) There is a map A : / — > K* such that f{a) — X{f {i{a)))^^ X{ f {t{a)))h{a) (resp. f{a) = 
X{i{a))^^ X{t{a))h{a)) , for all a G IJ^ -^j CiAej, and Xo g^j = X, for all g E G 

Proof. Assertion 1 is clear. We then prove assertion 2: 

a) => b) Let A : / — > K* be any map and ?A : A — > A be any graded automorphism. 
li X\ '■ A — > A is the (graded) automorphism which is the identity on objects and maps a ~^ 
X(i(a))~^ X(t(a))a, for each a G IJ- ■ CiAcj, then the composition x\ ° 4' (resp. ip ° Xa) acts as ip 
on objects and maps a -^ X{tp{i{a)))~^ X{il;{t{a)))ilj{a) (resp. a -^ X{i{a))^^X{t{a))ip{a)), for each 
a G IJj CiAcj, with the obvious interpretation of ■0 as permutation of the set /. 

If now / and h are as in the statement, the goal is to find a map A as in the previous paragraph 
such that x\ ° h ^ f (resp. ho xx — f) and Xo g\^i — A, for all g G G. Replacing / by / o h^^ 
(resp. h^^ o /) if necessary, we can assume, without loss of generality, that h — idA and that / 
acts as the identity on objects. The task is hence reduced to check that if / : A — > A is inner, 
then there is a map A : / — > K* such that f ~ x\ and Xo gj ~ X, for all g G G. 

We now from proposition 13.31 that A is a split basic graded algebra. So it is given by a finite 
graded quiver with relations whose set of vertices is (in bijection with) the set I/G = {[z] : z G /} of 
G-orbits of elements of /. From [24] [Proposition 10 and Theorem 12] we get a map A : I/G — > G 
such that the assignment [a] -^ A([i(a)])~^A([t(a)])[a], where a G IJ^ -^jCiAej, is a (graded) inner 
automorphism u of A such that u^^ ° / is the inner automorphism l — li-x of A defined by 
an element of the form 1 — x, where x G J(A). In our situation, the equality J(A) = ©n>o-An 
holds, so that x is a sum of homogeneous elements of degree > 0. But i = u o f is also a graded 
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autoniorphism, so that we have that t(A„) = (1 — x)A„(l — x)^^ = An- If J/ G A„ then the n-th 
homogeneous component of (1 — x)y{l — x)~^ is y. It follows that t is the identity on An, for each 
n > 0. Therefore we have l = icIa, so that f = u. 

Let now vr : A — > A = A/G be the G-covering functor and let A be the composition map 

/ — > I/G — > K* . By definition, we have that X o g — X, for all g £ G. As a consequence, the 
associated automorphism x\ ■ -^ — > ^ defined above has the property that [xA(a)] — ""([a]) = 
/([a]) = [/(a)], for each a G IJ^ CiAcj. Since / is the identity on objects we immediately get that 
/ = Xa as desired. 

b) =^ a) The map A of the hypothesis satisfies that Xx°h = f . It then follows that xx°h = /, 
where xa : A — > A maps [a] ~^ A(i(a))~^A(t(a))[a], for each a e IJ- ■ aAcj. Note that xa is well 
defined because A o 17 = A, for all g G G. It turns out that xa is the inner automorphism of A 
defined by the element X]fiie//G '^(*)~^^[j]- 

D 

The following is the identification of a subgroup of the integers, which is crucial for our purposes. 

Proposition 5.5. Let A be the m-fold mesh algebra of extended type {A,m,t) and let H{A,m,t) 
be the set of integers s such that ry^z/"'' is an inner automorphism of A. Then H{A,m,t) is a 
subgroup of Z and the following assertions hold: 

1. If char{K) = 2 or A = A,, then H{A, m,t) = Z 

2. If char{K) ^ 2 and A ^ A^, then H{A, m, t) = Z, when m + t is odd, and iJ(A, m, t) = 2Z 
otherwise. 

Proof. The fact that H{A,m,t) is a subgroup of Z is clear. For the explicit identification of this 
subgroup, we use the G-invariant graded Nakayama form of the mesh algebra B given by theorem 
15.21 and follow the notation of this theorem to name the arrows. For each integer s > 0, there is a 
map A : ZAq — > K* such that 77^(0) = A^^^At(£l)^^'*(a), for each a G ZAi. This map is uniquely 
determined up to multiplication by an element of K* . According to lemma 15.41 the integer s will 
be in H{A, to, t) if, and only if, the equality A o gzAo = X holds, for all g € G. 

If char(/ir) = 2 or A = A^ theorem 15.21 says that rj = 1/ is a. graded Nakayama form, and the 
result is clear in this case. We suppose in the sequel that char(/C) ^ 2 and A ^ Ar- 

1) Suppose first that t = 1. Theorem l5. 21 gives a formula 77(a) = (— l)"(''V(a), where u{a) G Z2 
for each a G ZAi. A careful examination of the u{a) shows that the following properties hold in 
all cases: 

i) u{a{a)) ^u{a); 
ii) If v{a) :— u{a) + u{h'{a)) then u(cr(a)) = v{a), 

for all a G ZAi. Let now A : ZAq — > K* the map mentioned above for s = 1. Then we 
have XT,\Xt[a) — (— 1)"^'^\ for all a G ZAi. Together with property i) above, we then get that 
^T{k,i) = ~^(k,i), foi' all (fc,i) G ZAq. This implies that A^-m/j, j-j — (— l)™A(fci). Then s = 1 is in 
H{A,m,t) if, and only if, to, is even. 

On the other hand, we have that ri^{a) = 77((-l)"('^V(a)) = (^^i)u{a)+u{u{a)) ^2 (^^^ ^ (_l)«(a) 
7^^(a), for each a G ZAi. Let now A : ZAq — > K* be a map such that ?7^(a) = A^\At(a)i^^(a), for 
all a G ZAi. We then get that Xz\Xt(a) — (—1)"''^-'. Together with property u) above, we get that 

XT{k,i) — X(k.i), and so Xr™(k,i) — A(fc.i), for all (fc,i) G ZAq. It follows that s = 2 is in H[A,m,t), 
which proves that H{A, to,, t) ~ 2Z when to, is odd. 

2)Suppose that (A,i) = (A = D„+i,2). For any integer k, we define the element c{k) G Z2 
to be 0, when k ^ — 1 (mod m), and 1 otherwise. Theorem 15.21 gives that 77(a) = — z^(a), when 
a : {k,i) — > {k,i + 1) is an upward arrow, and 77(a) — {—lY^'''i/{a), when a : (fc,i) — >■ (fc + l,i — 1) 
(i = 3, ..., n) is a downward arrow. If A : ZAq — > K* is the map considered in the first paragraph 
of this proof for s = 1, then we get that A(fe_(_i i) = {—^Y'"^^~^^X(^f^i), for each i 7^ 0, 1. It follows 
from this that Xp^-^(k,i) = \k+m,i) = (-1)'^(''')+", where 7(fc) = Eo<i<m ^(fc + ])■ But -f{k) = 1 
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since there is exactly one summand which is nonzero. We then have XpT—m^k,!) — {^^)"^^^^{k,i)- 
This shows that if s = 1 is in iJ(D„+i,TO, 2) then m is necessarily odd. We claim that the 
converse is also true, so that iif(D„+i, m, 2) = Z in this case. Indeed from theorem 15.21 we get 
equalities ri{ei) = (-1)'+V(e,) and ri{e[) = (-l)«+'+i+=('=)z/(e^), for i = 0,1. Denoting by q{k) 
and q{k + 1) the quotients of dividing k and fc + 1 by to, we then get that A^+i.i = (— l)'^^'^-'Afe_i, 
where i^ik) = q{k) + i + q(k + 1) + « + 1 + c(fc + 1). Let us view 'tp{k) as an element of Z2 and 
bear in mind that q{k + 1) = q{k), unless k = —1 (mod m), in which case q{k + 1) = q{k) + 1. 
We then see that X{k+i.i) — ^^{k.i)^ when k ^ —1,-2 (mod m), while X(k+i,i) — ^{k.i)^ when 
fc = — 1 or — 2 (mod m). Moreover from the equalities ^(k,i) — (^l)''^*'^(fe.2)i for * = 0, 1, we get 
that A(fc.i) — — A(fc^o)- It then follows; 

^pT-'^{k,i) — ^p(k+mA) = ^\k+m,i) = ~(^1)™ \k,i) = (^1)™ ^(k.i) — \k,i) 

since m is odd. Therefore the equality Xpr-m(k.i) — \k,i) holds, for all {k,i) G ZAq, so that 
A o gzAo = A for all g e G. 

Still with the case A — D„+i, suppose now that m is even. Note that we have ?7^(a) — i^^(a), 
for each upward arrow. Let a : {k,i) — ^ (fc + l,i — 1) be any downward arrow. The arrows 
a and i'{a) have origins in the slices k and k + {n ~ 1), respectively. It follows that rj^ia) = 
(^_iy{k)+c{k+{n-i))^2(^^y jf jjQ^ ^ . ^^^ — ^ j^* ig ^jjg ^g^^j j^g^p f-Qj. s = 2, then we get that 

A(fe+i,i) = (-l)''^''^+'=^''+'"~^^^A(fc,j), for each i = 2,3,...,n. It follows that Xpr-^{k,t) = \k+m,z) = 
(_l)«(fc), where C(fc) = Eo<,<rJc(fc + j) + c(fc + j + {n - 1))] = 7(fc) + j{k + {n - 1)), which is 
zero in Z2. This shows that Xpr-^^ik.i) = '^(fc,j) whenever i = 2, 3, ..., n. On the other hand, taking 
into account the definition of v (see proposition 14. II) . if i = 0, 1 we have: 

1. j^-^{e^{) = ry((-l)'?('=)+v(e,)) = (_i)9(fe)+»+9(fe+("-i))+»^2(^^) ^ (_l)?(fe)+9(fc+(n-i))j,2(^^)^ 
when n + 1 is even; 

2. T]^{e.i) = ?7((-l)'('=)+V(£,)) = (_l)«(fe)+»+?(fc+(«-l))+«+lj,2(-£^) ^ (_l)9(fe)+9(fc+(n-l)) + lj,2(^^)^ 

when n + 1 is odd. 

We then get \k,i) = (— l)"''''*^A(fc_2) , where u{k,i) = q{k) + q{k + (n — 1) in the first case and 
w(fc, i) = q(fc)+g(fc+(n—l)+l in the second case. In both cases, we get that A(feo) = A(fc_i). Suppose 
now that T]^{e'^ = {-iy'^''^'^iy^{e'i). Then we wih have A(fc+i,2) = (-l)"('='')+"('='*)A(fc,2) which, 
together with the equality A(fe+i.2) = (— l)^('^'+'^('''+("~-^^^(fc^2) seen above, proves the equality in 
Z2: v{k,i) = uik,i) + cik) + c{k + {n - 1)). We then get A(fe+i,,) = {~iy^''''\-l)''^''+^'''> X(k,z) = 
(-l)x('=^*)A(fc.i), where x(fc,i) = u{k,i) + u{k + l,i) + c(fc) + c(fc + [n - 1)). It follows from this 
that \pr-^(k,t) = \k+7n,i) = {-'^Y^'''^^\k,t), where a{k,i) ^ J2o<]<,nX{k + j,i) = J2o<]<,nHk + 
j) + c(k + j + (n — 1))] + X]o<7"<m['"(^''*) + '"(^ + Ij*)]- The first summand in the last member of 
this equality has already been shown to be even. But we have an equality in Z2: 

As has already been noted, the equality q{k + r) = q{k + 1 + r) holds, except when k + r = 
—1 (mod m), in which case q(k + 1 + r) — q{k + r) + 1. This comment proves that each summand 
of the last member in the centered equality is equal to 1 in Z2. It follows that a{k,i) = in Z2 
and, hence, that XpT-'"{k,i) = X(k,i), for all (fc,i) G ZAq. By the first paragraph of this proof, we 
conclude that iJ(D„+i, m, 2) = 2Z whenever m is even. 

c) Suppose next that (A,i) = (£5,2). If s > is any integer, then, by theorem 15. 2[ we have 
■q^ia) = iy%a), when a G {a,d'}, and 77^(0) = {-lyv^ia), when a G {a',S}. If A : ZAq — > K* is 
a map such that ?7*(a) = A^ \\(a)^'' {0.) i foi' each a G ZAi, we then get equalities: A/^. 2) — ^(k,i): 
X{k+iA) = -^(fc,5), A(fc+i4) = (-l)''A(fe^2) and A(fc^5) = (-l)'*A(i,^4). It follows that \{k+i^i) = 
{—lyX^^k.i)^ fo'" each (fc,i) G ZAq such that i — 1,2,4,5. 

Note that we have ?;(£')(— l)'^^'^V(e'), where c{k) is defined as in the case (A,i) = (D„+i,2). 
We then have that rf{e') = (-l)'=('=)+'=('=+5)jy2('£')^ Since we also have ry*(e) = (-1)*V(£) we get: 

1. When s = 1, X^k+l,^) = (-l)^('=)+iA(fe,,); 
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2. When s = 2, \k+ia) = (-l)^('^+^('=+''U(fc,z) 
for j = 0, 3. We also have: 

1. When s = 1, 77(7) ~ (— l)'?i^(7) and ri{P') = (— l)'+'^j/(/3'), where q — q(k) is the quotient of 
dividing k hy m; 

2. When s = 2, r]^{-f) = (_i)«(fe)+'j(fe+5)+i^2(^) ^^^ ^2(^,) ^ (_;L)q(fe)+9(fe+5)+ij,2(^,)^ 

It follows from this that, in case s = 1, we have X(k,4) — (^l)'''^(fc,3) ^^d X/k+i.2) = (^l)''^"'^'^(fc,3) 
and, hence, ^ik,4) = ~^{k+i.2)- This, together with the equalities in the previous paragraph, show 
that ^p{k,i) = ~^{k.i)j for ^-ll * = 172,4,5. Therefore, when s = 1, we get: 

^pT-"^{kA) = -^(k+mA) = ^(^l)'"-^(fe,i) = (-1)™+ A(fc j) , for « 7^ 0, 3, 

and 

Apr-"(fe.j) = A(fe+„,j) = (-l)'^(''^+"A(fc^j) = (-l)™+^A(fe.j), for i = 0,3, since 
7(fc) = Eo<,<™c(fc+j) = l- 

By the first paragraph of this proof, we get that s = 1 is an element of -ff (Eg, m, 2) if, and only if, 
m is odd. 

Suppose now that m is even and that s = 2. Then for the corresponding map A we have 
that A(fc,4) = (-l)''(''^+«(''+^)+^A(fc,3) and X(k+i,2) = (-l)'''''^+'^^''+^^+^A(fc,3), from which we get 
that \p(k,i) = \k,i)i fo^ ^11 * ^ ^0- From the fact that X[k+i,i) = \k,i), for * 7^ 0,3, and 
A(fe+i,.) = (-l)^('^)+^('=+'^)A(fc,,) we get: 

Apr-"(fc,i) ~ \k+'mS) = \k,i)^ foi' * 7^ Oj 3, 

and 

\r-rr^(k,^) = \k+,n,r) = (- 1)^(''+^<'+'^ A(fe,) - {-lfXik,^) - \k,^), for ^ = 0, 3, 

because 7(fc) = X]o<i<m'^(^ + i) ^ 1 foi' each integer k. Therefore, when m is even, s = 2 is an 
element of i7(Eg, to, 2), thus showing that this group is 2Z in such case. 

d) Suppose finally that (A,i) = (D4,3). If s > is an integer then ?7*(ei) = i^'^i^i) and 
r7*(e^) = (— l)''j^''(e9 since i^ = r^^ in this case. If A : ZAq — > K* is the map such that 
ri^{a) = AT,^, At(a)i^*(a), for each a G ZAi, then we easily get that Xp(k,i) = ^{k.i) ^-nd X(k+i,i) — 
{-'^y\kA), so that \(pr^)-i(k,i) = ^p^T-^(k,i) = \k+rn,i) = (-1)*™ A(fc,i) . It follows that s = 1 
is in _ff(D4,TO., 3) if, and only if, to is even. On the other hand, when m is odd, we have that 
2 G iJ(D4,TO,3). 

D 

5.3 Symmetric and weakly symmetric m-fold mesh algebras 

The only result of this subsection identifies all the weakly symmetric and symmetric TO,-fold mesh 
algebras. 

Theorem 5.6. Let A be an m-fold mesh algebra of extended type (A,?n,i). If A is weakly sym- 
metric then t ~ I or t — 2 and, when char{K) — 2 or A = A^, such an algebra is also symmetric. 
Moreover, the following assertions hold: 

1. When t = 1, A is weakly symmetric if, and only if, A is Ti2r, E7 or Eg and m is a divisor 
0/ %■ — 1. When char{K) ^ 2, such an algebra is symmetric if and only if, m is even. 

2. When t = 2 and A 7^ A2„, A is weakly symmetric if, and only if, m divides ^ — 1 and, 
moreover, the quotient of the division is odd, in case A — A.2n-i, o.'^^d even, in case A = T)2r. 
When char(K) 7^ 2, such an algebra is symmetric if, and only if, A — A2„-i or to. is odd. 

3. When {A,m,t) = (A2n,m-, 2), i.e. A = L„ , the algebra is (weakly) symmetric if, and only 
if, 2m — 1 divides 2n — 1. 
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Proof. The algebra A is weakly symmetric if, and only if, the automorphism D : A — > A induced 
by v is the identity on vertices. We identify the vertices of the quiver of A as G-orbits of vertices 
of ZAq, where G is the weakly admissible group of automorphism considered in each case. If we 
take care to choose a vertex {k,i) which is not fixed by p, then the equality D{[{k,i)]) = [{k,i)] 
holds exactly when there is a g S G such that v{k,i) = g{k,i). But if G denotes the group of 
automorphisms generated by p and r, then G acts freely on the vertices not fixed by p. Since 
G C G and v (z G (see proposition 14. ip the equality v{k^ i) = g{k, i) implies that v = g. Therefore 
the algebra A is weakly symmetric if, and only if, v belongs to G. 

On the other hand, A is symmetric if, and only if, 77 : A — > A is an inner automorphism. 
By lemma WM this is equivalent to saying that A is weakly symmetric and fj o v~^ is an inner 
automorphism of A. That is, A is symmetric if, and only if, A is weakly symmetric and -ff (A, m, t) = 
Z. As a consequence, once the weakly symmetric m-fold mesh algebras have been identified, the 
part of the theorem referring to symmetric algebras follows directly from proposition 15.51 

li t ~ i then A = D4, G =< pr™ >, with p acting on vertices as the 3-cycle (013), and 
V = r^^. It is impossible to have t~^ G G and therefore A is never weakly symmetric in this case. 

If i = 1 then G =< r™ >. If we assume that A ^ D2r,E7,E8 then 1/ = pT^~'^, for some 
integer n. Again it is impossible that v ^ G and, hence, A cannot be weakly symmetric. On the 
contrary, suppose that A is one of D2r,E7,E8. Then v = r^~", with n = ^, and v belongs to 
G if, and only if, there is an integer r such that r^~" = (r™)'', which is equivalent to saying that 
n ~ 1 — —mr since r has infinite order. Then A is weakly symmetric in this case if, and only if, m 
divides n — 1. 

Suppose now that t = 2 and A ^ A2„. Then G =< pr'" > and, except when A — D2r, we 
have that 1/ = pr^""-, where n = ^. Assume that A 7^ T)2r- Then i/ is in G if, and only if, there 
is an integer r such that pr^^" = {pT"^Y . Note that then r is necessarily odd. If follows that A is 
weakly symmetric if, and only if, m divides n — 1 and the quotient -^^^—i is an odd number. But the 
condition that ^^^ be odd is superfluous when A = T>2r+i or Eg because n is even in both cases. 

Consider now the case in which (A,i) — (D2r,2). Then v = t^^^\ where n — ^ — 2r — 1. 
Then 1/ is in G if, and only if, there is an integer s such that t^^" ~ (pr™)'*. This forces s to be 
even. We then get that A is weakly symmetric if, and only if, m divides n — 1 and the quotient 



— is even. 



Finally, let us consider the case when the extended type is (A2„, m, 2). In this case p'^ = t ^ 
and v = pT^^"". Then v is in G if, and only if, there is an integer r such that pr^^"" — {pr^^Y . 
This forces r = 2s + 1 to be odd, and then pr-^'+^f^s+i) ^ (^^m)2s+i ^ p-pi-n. Then A is 
weakly symmetric if, and only if, there is an integer s such that (2m — l)s = 1 — m — n. That 
is, if and only if 2m — 1 divides m + n — 1, which is equivalent to saying that 2m — 1 divides 
2(TO + n- 1) - (2m- 1) = 2n- 1. D 

6 The period and the stable Calabi-Yau dimension of an 
?7i-fold mesh algebra 

6.1 The minimal projective resolution of the regular bimodule 

Lemma 6.1. Let A be a Dynkin quiver and B be its associated mesh algebra. For any weakly 
admissible group of automorphisms G o/ZA, there is a basis B of B consisting of paths which is 
G-invariant (i.e. g{B) = B for all g € G). 

Proof. The way of constructing the basis B is entirely analogous to the way in which a G-invariant 
basis of Soc(-B) was constructed (see the initial paragraphs of the proof of theorem l5.2|) . The task 
is then reduced to find, for each vertex (fc, i) in the chosen slice, 5' or T, a basis of e(^k,i)B consisting 
of paths. Since the existence of this basis is clear the result follows. D 

Suppose that (— , —) : B x B — > K is a G-invariant graded Nakayama form for B. Given 
a basis B as in last lemma, its (right) dual basis with respect to ( — , — ) will be the basis B* = 
U(fc i)e(ZA) ^*^v{k,i)i where B*e^(^ki), is the (right) dual basis of ei^j^i^B with respect to the induced 
graded bilinear form (— , — ) : e/f^i^B x Be,yf]^i\ — > K. By the graded condition of this bilinear 
form, B* consists of homogeneous elements. By the G-invariance of (— , — ) and B, we immediately 
get that B* is G-invariant. On what concerns the minimal projective resolution of _B as a bimodule, 
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we will need to fix a basis B as given by last lemma and use it and its dual basis to give the desired 
resolution. 

Proposition 6.2. Let A be a Dynkin quiver, let X C (ZA)i be the set of arrows given by 
proposition \4-3\ which we assume to be the empty set when (A, G) — (D4,< pr™ >), and let 
s : (ZA)i — > Z2 be the associated signature map. Denote by t' the graded automorphism of B 
which acts as r on vertices and maps a ~-* (^~\yw+'^{'^w)a, for each a G ZA)i. Up to isomor- 
phism, the initial part of the minimal graded projective resolution of B as a B-bimodule is given 
by 

Q-2 ^ Q-i ^ QO ^ S ^ 0, 
where: 

1. The graded projective B-bimodules are Q^ — i(B(k.i)£(ZA)oB^ik.i) ® ^(k.i)B)[0], 

Q^^ = {®ae(ZA)iBe,(a) (E) et(a)B)[-l] and Q^"^ = (©(fe,j)e(ZA)o-Be^(fc,i) ® e(k,i)B)[-2]; 

2. u is the multiplication map; 

3. 6 is the only homomorphism of B-bimodules such that, for all a £ (ZA)i, 

S{e,(a) <^ etia)) =a(g) et{a) - ^^(a) ® a; 
//. R is the only homomorphism of B-bimodules such that, for all {k,i) G (ZA)o, 

t(a) = (kA) 

where the signature of a path is the sum of the signatures of its arrows. 
Moreover, if for each {k,i) G (ZA)o we consider the homogeneous elements of Q~^ given by 

then, ©(fc,j)ezAo^f(fc^j) = Ker{R) = ®(k,t)£ZA,A[k,i)^- 

Proof. Let B' be the original mesh algebra, i.e., iCZA//, where / is the ideal generated by r-j-j, j) = 
^j/ N (J, js (T(a)a, with (k,i) G ZAq. By classical argument for unital algebras, also valid here 
(see, e.g., [7] or [13]), we know that the initial part of the minimal projective resolution of B' as a 
bimodule is 

p-2 j^ p-i j:^ po ^ ^ ^ 0, 

where: 

1. The graded projective i3'-bimodules are F° = (ffi(fc,i)e(ZA)o^'e(fc,i) ® &{k,i)B')[Q\, P^^ = 
(©ae(z;A)iS'ej(a) ® et(a)B')[-l] and F"^ = (®(fc,j)e(ZA)o^'eT(fc,i) ® e(k,t)B')[-2\; 

2. u' is the multiplication map; 

3. 5' is the only homomorphism of _B'-bimodules such that 5' (ei/Q-j (g)ej(-„-)) — a®efia\—ei/a)®o,, 
for alia G (ZA)i; 

4. i?' is the only homomorphism of i?'-bimodules such that i?'(e7.(/j_i)(8>e(fci)) = '^t{a)=(k i)^^^*^)® 
e{k,i) + er(k,i) ® a), for all (fc, i) G (ZA)o. 
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Consider now the canonical algebra isomorphism Lp — ip ^ : i^ZA — > iiTZA, given in propo- 
sition I4.3| and denote by h the induced isomorphism of graded algebras B -^ B' and by / its 
inverse. We put B' = h{B), where B is the G-invariant basis of B given by the previous lemma. The 
mentioned classical arguments also show that the elements C(fc,i) = Sxge g/(— l)'*°*'^''T(a;) ®x* , 
with (fc, i) G (ZA)o, are in Ker(i?'). Note that the argument which proves for unital algebras that 
the £,{k,i) generate Ker(i?') cannot be adapted in a straightforward way. 

If (fc, i), {in,j) e (ZA)o are any vertices then the induced map f ® f '■ B'e^^k.i) '^ ^(m.j)B' — > 

Be(^i^i)'S>e(^rn,j)B gives an isomorphism of (graded projective) _B-bimodules h(.B' e(^j^^i-)®ei^rn,j)B')h —-^ 
Be(k,i) ® S{m,j)B. It follows that if x' '■ B'e^ks) ® ^(m,j)B' — ?• B'e(r,u) ® ^(t,v)B' is a morphism 
of graded projective i?'-bimodules, then the corresponding morphism of graded projective B- 
bimodules x ■ Be(k,i) ® e,{m,])B — > Be(r,u) ® e.(t,v)B takes a^h-^ {f ® /)(x'(/~^(a) ® f~^{b))). 
From these considerations it easily follows that, up to isomorphism, the initial part of the minimal 
projective resolution of i? as a i?-bimodule is: 

where: 

1. The Q* are as indicated in the statement 

2. u is the multiplication map; 

3. 5" is the only homomorphism of i?-bimodules such that, for all a G (ZA)i,5(ei(a) ® ^t{a)) = 

4. R" is the only homomorphism of i3-bimodules such that, for all {k,i) G (ZA)o, R"{eT(k^i) €5 
e(fc,^)) = Etia)Hk,^) [(-l)^*"<'^'^(a) ® e(fc,,) + (-l)«We,(fc,) ® a]. 

Let V : ®ae{ZA)iBei(^a) ^ et(a)B — > ®ae{zA)iBei(a) <E) et(a)B the only homomorphism of B- 
bimodules mapping ei(o) ® et(a) '^ {—^Y'''^''^i(a) ® ^tia), for each a G (ZA)i. It is clearly an 
isomorphism and we have equalities 5 o tjj — 5" and ip o R" — R. Then 

is also the initial part of the minimal projective resolution of i? as a i?-bimodule and we have 
L := Ker(i?) = Ker{R"). Moreover from the equalities f{T{x)) — T'{f{x)) and f{x*) — f{x)*, 
for all X G B' , and the fact that f{B') — B we immediately get that Cki) = /(^(fc.i)) = 
J2vGe (-l)'^''s(^V'(y) y*. Therefore the ^;, ^. are elements of L. 

If >S'(mj) — Be(^m,j)/J{B)e(^m.j) is the simple graded left module concentrated in degree zero 
associated to the vertex {m,j), then the induced sequence 

Q~ 'S>B S(m,j) —^ Q^ ®S S{rn,,j) > Q ®S S(rn,j) > ^{m,j) ~^ 

is the initial part of the minimal projective resolution of S^mjy It is easy to see that the push- 
down functor F\ : B — Gr — > A — Gr preserves and reflects simple objects When applied 
to the last resolution, we then get the minimal projective resolution of the simple A-module 
5[(m,j)], where A is viewed as the orbit category B/G (see corollarv I3.2p and where [(to,j)] 
denotes the G-orbit of (m,j). But we know that il\(S[(_jn.j)]) is a simple A-module (see, e.g., 
[13j). It follows that rt^{S(m,j)) is a graded simple left _B-module. But we have an isomorphism 
Q~'^®BSirn,j) — BeT[mj)[—i\ in B — Gr. By definition of the Nakayama permutation, we have that 
SoCgr(-BeT-(mj)) = S^T-(m.j)[~CA + 2]. Then we have an isomorphism fl^{S(^m.j)) — *S'yr(mj")[~CA], 
for all {m,j) G ZAq. Considering the decomposition B/J{B) = (B[rn,j)£ZAo^im,j)j we then get 
that L/LJ{B) = L ®b -jfrn is isomorphic to B/ J{B)[-~c^ as a graded left B-module. Due to 
the fact that J{B) = J^^'{B) is nilpotent, we know that every left or right graded i?-module has a 
projective cover. By taking projective covers in i? — Gr and bearing in mind that L is projective 
on the left and on the right, we then get that Lb = Bb[—c/\]- With a symmetric argument, one 
also gets that bL = bB[~ca]- In particular, bL = B^B'iB) (resp. Lb = 51'gc(-B)_B) decomposes 
as a direct sum of indecomposable projective graded _B-modules, all of them with multiplicity 1. 
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Note now that we have equahties er„-i{k,i)C--i-{k,i) = C-i(A;,i) = C-i(fc,i)6(fc,i)' for all (fc, i) e 

ZAq. This gives surjective homomorphisnis BeT^-i(^k,i)[~CA\ — » ^C^-iffci'i a-nd e(fc.i)i?[— ca] ^*- 
C- 1 ffc n ^ "^^ graded left and right _B-modules given by right and left multiplication by f ^_ i ,^ ^^ . But 
p and A do not vanish on SoCgr(SeT-y-i(;j ,)) and SoCgr(e(fc,i)B), which are simple graded modules, 
respectively. It follows that p and A are injective and, hence, they are isomorphisms. We then 
get that N := ®{k,i)&AoBC^-^k,i) = ®(/c,i)eZAo^C(fc,i) is a graded submodule of bL isomorphic 
to bB = bL and, hence, it is injective in _B — Gr since this category is Frobenius. We then get 
that iV is a direct summand of bL which is isomorphic to bL. Since ¥^ndB~GriBe(^k,i)) — K 
for each vertex (fc,i), Azumaya's theorem applies (see [2,[Theorem 12.6]) and we can conclude 
that L = N ^ ffi(fe,i)eZAo^?(fc i) foi' otherwise the decomposition of bL = bB as a direct sum of 
indecomposables would contain summands with multiplicity > 1. By a symmetric argument, we 
get that L = ®{k,i)£ZAo^[k i)B- 

U 

Proposition 6.3. Let A 6e a Dynkin quiver, let G be a weakly admissible group of automorphism 
of B and fix a G-invariant graded Nakayama form and its associated Nakayama automorphism 
T] (see theorem \5.2\) . Assume that X be the G-invariant set of arrows given in proposition \4-3\ 
which we assume to be the emptyset when (A,G) — (D4,< pr™ >) and with respect to which we 
calculate the signature of arrows. Finally, let k, and -d be the graded automorphisms of B which fix 
the vertices and act on arrows as: 

1. K,{a) = —a 

2. §{a) = [-lY{r-\a))+s(a)^^ 

for all a G (ZA)i. Let us put p — Korjor^^ o-d, when (A, G) — (A2„, < pr™ >), and p = r/oT^^o-d 
otherwise. Then poq = go p, for all g d G, and there exists an isomorphism of graded B -bimodules 
nl^iB) ^ ^B,[-ca]. 

Proof. We first put p — k o rj o t^^ o -d in all the cases and will prove that il'^e (B) = ^Bi [— ca] , for 
any choice of (A, G). At the end, we will see that k can be 'deleted' when (A, G) ^ (A2„, < pr™ >). 
Note that, for any of the choices of the set X, the sum s{a~^ (a)) + s{a{a)) + s{t~^ {a)) + s{a) in Z2 
is constant when a varies on the set of arrows ending at a given vertex (fc, i) e (ZA)o. This implies 
that 'd either preserves the relation X]t(a)=(fe i)(— l)''^'^^''^°^cr(a)a or multiply it by —1. Then 1} is 
a well-defined automorphism of B. Moreover, the G-invariant condition of the set of arrows X 
implies that the sum s{T^^{a)) + s{a) in Z2 is G-invariant. This shows that •& o g = g o 1!)^ for all 
g € G. This implies that p o g ~ g o p since we have k o g = g o k, for all g £ G. 

All throughout the rest of the proof, a G-invariant basis B oi B consisting of paths in ZA is fixed, 
with respect to which the Ck i) are calculated. We shall prove that a£_'^^i,^,-.-. = i'r-i(i(a))l^i°)^ 
for all a G (ZA)i. Once this is proved, one easily shows by induction on deg(&) that if 6 G 
U(fc i) (m 7")e(ZA) ^ik,i)Be(rn,j) IS a homogeueous element with respect to the length grading, then 
the equality 6^^_wj/j-,-, = Cr-i(jf6')')M(^) holds. It follows from this that the assignment b -^ 
&C;^_iCj/{,\') extends to an isomorphism of _B-bimodules iB^-i ^^ L, which actually induces an 
isomorphism of graded B-bimodules pi?i[— ca] — ^scC^): when we view J7'ge(-B) as a graded 
sub-bimodule of Q"^ = {®(k.,i)£(ZA)oBer(k,i) ® (^(k,i)B)[-2\. 

We have an equality: 

But we have T'{T-^{a)) = [-lY(r-\a))+s{a)^^ gQ ^jjj^^ 

ar'ix) = (-l)'^(^"'(«»+''('^)T'(T-i(a))T'(a;) = {^lY^-'''^''^)+<''^T'{T-\a)x). 
Note that we have T^^{a)x = X)iiee h('''^^('^)2^i y*)y from which we get the equality 

<-Wa)) =E..e ..,< ,eE,.e _.,< ^^^{-ir^^^K-l)<^-' ^^^-'^<^KT~\a)x,y*y {y) ® X* 

(!) 

41 



On the other hand, a direct calculation shows that ^(a) = (— l)^"*"**^"^ (o))+s(a)j-y^ ^ ^ ^)(a), for 
each a £ (ZA)i. Then we have another equality 

But we have an equality 

using that (— , — ) is a graded Nakayama form and that 77 is its associated Nakayama automorphism. 
We then get 

C-iWa))^(«) = 

Bearing in mind that deg{y) — deg{T'^^ {a)x) = deg{x) + 1 whenever (r~^(a)x,2/*) ^ we readily 
see that the second members of the equalities (!) and (!!) are equal. We then get O'^'r-iit(a)) ~ 
C-i(j(a))A^(«)' as desired. 

Finally, suppose that (A, G) 7^ (A2„, < pr™ >) we put ji' := i] o r^^ o ^ and we shall de- 
fine an isomorphism of bimodules tp : ^'Si ^H- ^-Bi. To do that, note that it is always po- 
ssible to choose a map A : (ZA)o — > K*, taking values in {—1,1}, such that XiU) = ~-^t(a)j 
for all a e (ZA)i and A o gzAo = A, for all g £ G. Indeed, when A ^ D„+i, we define 
X{k,i) = {-ly for each {k,i) e (ZA)o. When A = D„+i, we put X{k,i) = (-l)^ when 
i ^ 0, and A(fc,0) = —1. With this map at hand, the map ip : B — > B taking b -^ Xi(^i,)b, 
for any homogeneous element b G U(fc i) (m i)e(ZA) ^(k.i)Be(^,nj), defines the desired isomorphism 

Tp : f^iBi -^^ fiBi. It is clearly an isomorphism of right i?- modules and the verification that it is 
also a morphism of left S-modules reduces to check that ip{^'{a)b) = fi{a)ip{b), for all homoge- 
neous elements a, 6 e U(fe,i),(mj)G(ZA)o S(fc,i)^^(™j)- ^e use the fact that Xt(a) = (-l)'^'''^'-"'^ Xn^a) 
and p(a) = {—lY'^3^°-'>fi'{a), for any such a. Assuming that h'{t{a)) — i{b), which is the only case 
that we need to consider, we get: 

[(_l)de3(a)^,(„)] . [^^^^^^] ^ M(a)^(fo), 

and the proof is finished. D 

Remark 6.4. Note that, except when (A,G) = (A2n-i, pT™), the automorphism "d of last propo- 
sition is the identity since X = t{X). 

Crucial for our goals is that what has been done in the last two propositions is 'G-invariant', 
which gives the following consequence. 

Corollary 6.5. Let A be a Dyking quiver, G be a weakly admissible group of automorphisms of 
ZA, B the corresponding mesh algebra and let A = B/G be the associated m-fold mesh algebra. If n 
is the graded automorphism of B of the previous proposition and p, : A — > A is the induced graded 
automorphism of A, then there is an isomorphism of graded K-bimodules fl^e(A) = /iAi[— ca], 
where ca is the Coxeter number. 

Proof. We fix a G-invariant basis of B as in lemma 16.11 and a G-invariant graded Nakayama form 
(— , —): B X B — > K. If we interpret A = B/G as the orbit category and [x] denotes the G-orbit 
of X, for each x G IJ/j, ^n ,^ ,^ e(j^^i)Be(jn,i)j note that the G-orbits of elements of B form a basis B 
of A consisting of homogeneous elements in IJrjj, ^n, ,, o)]gzA /G ^[{k,i)\^^[(m,j)]- Moreover, if B* is 
the right dual basis of B with respect (— , — ), then B* = {[x*] : [x] G B} is the right dual basis of 
B with respect to the graded Nakayama form <—,— >: A x A — > K induced from (— , — ) (see 
proposition 13.31 and its proof). 

By taking into account the change of presentation of A and [13] [Section 4], we see that the 
initial part of the minimal projective resolution of A as a graded A-bimodule is of the form 
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p-2 ^ p-1 ^ pO ^ ^ ^ 0, 

where F"^ = ®[(fc,i)]ezAo/Ge[r(fc,i)]Ae[(fc,i)] and we have equalities ©[(fc,i)]gZAo/GACp,i)] = Ker(^) = 

®[(fc.^)]EZA„/G%-,.)], where ^"f(,_,)] = EMee[,,,.,g(-l)''^^"^[^'(^)] ^ [^% ior each [(/c,^)] G ZAq. 

On the other hand, since fj, o g = g o fj,^ for all g G G, we get an induced graded automorphism 
/2 : A — > A which maps [x] -^ [^(2^)]- ^^ case ^ = ko-q o t^^ o i), we get the equality [b]CT'(i(b))] ~ 
f[r-i(»(&))]^([^])' ^°'" ^^'^^ homogeneous element [b] e U[(fc,i)],[(mj)]eZAo/G e[(fc,»)]Ae[(™j)] from the 
corresponding equality in the proof of the previous proposition, just by replacing the homogeneous 
elements of B by their orbits. We leave to the reader the routine verification. It then follows 
that the assignment [b] ~-> M^\T'(i(b))] gives an isomorphism of graded A-bimodules H\„{A) = 

lAp-i[-CA] = /iAi[-CA]- 

When (A, G) ^ (A2„, < pr™ >) and we take fi' = rj o r^^ o i9, we have seen in the proof of the 
last proposition that there is a map A : ZAq — > K* such that A o g^Ao = -^7 for all g € G, and 
such that /j,(a) — X~,-.Xt(a)l^'{0'), for all homogeneous elements a € [J,f. ^j /^ -, e(k.i)Bei^rn.j)- We 
then get from lemma WM that ji'^fi,' is an inner automorphism of A, so that also 51^e(A) = ^'Ai. 

D 

6.2 Inner and stably inner automorphisms 

Recall from |27| that an automorphism cr of A is stably inner if the functor cr(— ) — aAi ®a ~ '■ 
A — mod — > A — mod is naturally isomorphic to the identity functor. In particular, each inner 
automorphism is stably inner. 

Lemma 6.6. Let A — KQ/I be a finite dimensional selfinjective algebra, where I is a homogeneous 
ideal of KQ with respect to the grading by path length, and consider the induced grading on A. 
Suppose that the Loewy length of A is greater or equal than 4. A graded automorphism of A is 
inner if, and only if, it is stably inner. 

Proof. Let 1^9 be a stably inner graded automorphism of A. Let I be the Loewy length of A. If 
J = J(A) = J^'"(A) is the Jacobson radical and Soc"(A) = SoCgV(A) is the n-socle of A (i.e. 
Soc*'(A) = and Soc"+^(A)/Soc"(A) is the socle of A/Soc"(A), for aU n > 0), then we have 
J" = Soc'""(A) = ©fc>„Afc, for aU n > 0. 

We then have Soc^(A) C ,P since Z > 4. By corollary 2.11 of [27], we have a map A : Qo — > K* 
such that Lp{a) — K[i\\Xt{a)a £ J{A)'^ , for all a G Qi. If we define xa : A — > A as in the proof of 
lemma WM we get that xa is an inner automorphism of A such that {(p o x^ ^)(a) — a £ J(A)^, for 
all a G Qi. But ip o X;^ is a graded automorphism since so are (p and xa- It then follows that 
{if o XA)(a) = a, for all a G Qi, which implies that ip o xx — idA, and so 93 = xa is inner. D 

Recall that A is a Nakayama algebra if each left or right indecomposable projective A-module 
is uniserial. We will need the following properties of self-injective algebras of Loewy length 2. 

Proposition 6.7. Let A — KQ/ KQ>2 be selfinjective algebra such that J(A)^ == and suppose 
that A does not have any simisimple summand as an algebra. The following assertions hold: 

1. A is a Nakayama algebra and Q is a disjoint union of oriented cycles, with relations all the 
paths of length 2. 

2. A is a finite direct product of m-fold mesh algebras of Dynkin graph A = A2. 

3. A graded automorphism ip of A is stably inner if, and only if, it fixes the vertices. 

4. (p is inner if, and only if, it fixes the vertices and if ip{a) ~ xio-)o-j for each arrow a E Qi, 
with xi^-) G K* , then the induced map x '■ Qi — '>■ K* is an acyclic character of Q. 

5. If the quiver Q is connected with n vertices (whence an oriented cycle with Qq = Z„J, then 
r2A=(A) is isomorphic to the A-bimodule ^Ai, where p, is the automorphism acting on vertices 
as the n-cycle (12. ..n) and on arrows as fi{ai) — —0^+1, where a^ : i — >■ i + 1 for each i G Z„. 
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Proof. Assertion 1 is folklore. But Aj = ^-^2/ < t™ > is the connected Nakayama algebra of 
Loewy length 2 with 2m vertices while L]^" = ZA2/ < pr™ > is the one with 2m — 1 vertices. 
Then assertion 2 is clear. 

The only indecomposable objects in the stable category A — mod are the simple modules, all of 
which have endomorphism algebra isomorphic to K. It follows that each additive self-equivalence 
F : A — mod -^> A — mod such that F(S) = S, for each simple module S, is naturally isomorphic 
to the identity. Since each automorphism tp oi A induces the self-equivalence F = ip(— ), assertion 
3 is clear. 

Assertion 4 follows directly from |24| [Theorem 12], taking into account that the only inner 
graded automorphism induced by an element 1 — x, with x (£ J, is the identity (see the proof of 
lemma 15.41) . 



Suppose now that Q is connected and has n vertices, so that A is an m-fold mesh algebra of type 
A2 J and then n = 2m, or Li™ , and then n = 2m, — 1. By the explicit definition of the minimal 
projective resolution of A as a bimodule (see [I^), we get that riA=(A) is generated as a A-bimodule 
by the elements Xi = Ui (E) e^+i — Ci® ai (i G Z„). But we have ©igz„Axi — ^t^i{K) — (Bi^i^r^XiA. 
Moreover, if /2 is the automorphism mentioned in assertion 5 and x = X)iez ^i^ then we have 
yx = xp,{y), whenever y is either a vertex or an arrow. It then follows that the assignment y ^^ yx 
gives an isomorphism of A-bimodules lA^-^-i -^^ Q,\e{A). 

D 

6.3 The period of an m-fold mesh algebra 

This section is devoted to compute the ft-period of an ?7i-fold mesh algebra A. That is, the smallest 
of the positive integers r such that fi^^ (A) is isomorphic to A as a A-bimodule. We need to separate 
the case of Loewy length 2 from the rest. 

Proposition 6.8. Let A be a connected selfinjective algebra of Loewy length 2. The following 
assertions hold: 

1. Lf char{K) = 2 or A = A2 , i.e. \Qo\ is even, then the period of A is \Qo\. 

2. Lf char{K) ^ 2 and A = L-[" , i.e. \Qo\ is odd, then the period of A is 2\Qq\. 

Proof. By proposition 16.71 we know that r2A«(A) = ;iAi, where /2 is the automorphism which acts 
on vertices as the n-cycle (12. ..n) and on arrows by a.i ~~> — a^+i. The period of A is then the 
smallest of the integers r > such that ftJ" is inner. But since inner automorphisms fix the vertices 
each such r is multiple of n = |Qo|- When char(Ar) = 2 or n is even, we have that /I" fixes the 
vertices an maps a^ ~-+ (— l)"aj = a^, for each i £ Qq. Then /I" = idA and the period of A is n. 
However, when char(_ftr) ^ 2 and n is odd, we have that /I" is not inner (see proposition 16. 7p but 
/I^" = idA- It follows that the period of A is 2n in this case. D 

We will need: 

Lemma 6.9. Let A = B/G be an m fold mesh algebra, with A ^ Ai,A2, and let r > be an 
integer. The following assertions hold: 

L (iim(r2^e (A)) — dim(A) if, and only if, r G 3Z. 

2. Lf rj is a G-invariant graded Nakayama automorphism of B, then fj o f^^ ofj~^ of is an inner 
automorphism of A. 

Proof. 1) The 'if part is well-known. For the 'only if part, note that we have the following 
formulas for the dimensions of the syzygies: 

1. dim(fi^e(A)) = dim{(Bi£QgAei ® e^A) — dim(A) = J^i^Qo dim(Aei)(dim(eiA) — 1), whenever 
r = 1 (mod 3) 

2. dim(fi^e(A)) = dim(©,6Q„Ae^(,) ® e,A) - dim(pAi) = X^.gQo dim(Ae^(,))(dim(e,A) - 1) = 
SisQ dim(Aei)(dim(eiA) — 1), whenever r = 2 (mod 3) 
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For r = 1,2 (mod 3) the equality dini(i7jYe(A)) = dini(A) can occur if, and only if, dim(eiA) = 2, 
for each i E Qq. But this can only happen when the Loewy length is 2, which is discarded (see 
proposition 16. 7|) . 

2) There is no loss of generality in assuming that rj is the G-invariant graded Nakayama au- 
tomorphism of B given by theorem 15.21 On the other hand, since i^ is either r'' or pr'', for some 
integer r, we know that vog = gov, for all g G G. Moreover, there is a unique map x ■ ZAi — > K* 
such that x(a) — (— l)"''"''a, for all a £ ZAi, and rj = v ox- It then follows that X ° 3 = ff ° X or, 
equivalently, u(a^) — u{a), for all g & G. 

Assertion 2 states that the images of fj and f ~^ by the canonical projection Aut(A) -^ Out(A) = 
j^f^c^ commute. Proposition 15.51 tells us that fj and u have the same image by this projection, 
whenever char(_fir) = 2, A = A^ or m + i is odd, where (A, m, t) is the extended type of A. So in 
these cases the assertion follows immediately since v and r commute. 

In order to prove the assertion in the remaining cases, it is enough to prove that x ° ^~^ ^-nd 
f~^ o X are equal, up to composition by an inner automorphism of A, because v and r~^ commute. 
We now apply lemma [5^ with / = X°t^^ ^-nd h = t^^ox^ using the fact that both automorphisms 
of B act as r on vertices. We have /(a) = (-l)"(^"'('^))T-i(a) and h{a) = (-l)"('')T-i(a), for 
each a G ZAi. If A : ZAq — > K* is a map such that /(a) ~ X~,\\t(^a)h{a), for all a G ZAi, then 

we have that X^a) = (-l)"(")+"(''"'('''U»(a)- When i = 1 or t = 3, we have that u{a) = u(r-i(a)), 
so that At(a) = K{a), for all a G ZAi. It follows that A is a constant map and it clearly satisfies 
that A o g^zAo — '^i for all g € G. So we assume that t = 2 and that m is even in the sequel. 

Consider first the case when A = D„+i. Directly from theorem l5.2l we get the formulas in Z2: 



1. u{a) + u{t ^){a) = 1 + 1=0, whenever a : (fc, i) — )■ (fc, i + 1) is an upward arrow; 

2. u(a) + u(T^^(a)) =0 + = 0, whenever a : (fc, i) — >■ (fc + 1, i — 1) is a downward arrow, with 
k ^ —2, —1 (mod m), and u{a) + u{T~^{a)) — 1, for any other downward arrow. 

3. If i e {0, 1}, Ei : (fc,2) -^ {k,i) and g is the quotient of dividing k by m, then u(ei)+u(r^^(£i)) 
is equal to: 

(a) {q + i) + {q + i) = 0, when fc ^ — 1 (mod m), 

(b) (q + i) + (q + 1 + i) = 1, when fc = — 1 (mod m) since q + 1 is the quotient of dividing 
fc + 1 by TO 

4. If i G {0, 1}, e^ : (fc, i) — > (fc + 1, 2) and q is the quotient of dividing k by m, then u(e^) + 
u(r~^(e9) is equal to: 

(a) ((7 + i + 1) + (g + i + 1) = 0, whenever k ^ —2, —1 (mod m); 

(b) {q + i + 1) + {q + i) = 1, whenever k = —2 (mod m); 

(c) (q + i) + (g + 1 + i + 1) = 0, whenever fc = — 1 (mod m) since g + 1 is the quotient of 
dividing fc + 1 by ?7i. 

We then get that if i G {2, 3, ...,«} then X^k+i,i) = '^(fc,i)' when fc ^ —2,-1 (mod m), and 
•^(fe+i.i) = ~^{k,i)j when fc = —2,-1 (mod m). For i = 0, 1 we have that Xp^i^i^ — A(fci) since 
the formula for u{£i) + u{T'^{ei)) does not depend on i. Moreover, from the equality X(^k+i.i) = 
'^7(e')^t{e')^i(e)^t(ei)^{k,i) and the equalities 3 and 4 in the above list it follows Aj/j+i ^^ = A(fe.i), 
whenever i = 0, 1. We then get ApT-m(fc^i) = X(^k+m.i) = ^{k.i), for all (fc, J) G ZAq, which shows that 
•^ ° 9\ZAo = \ for ah 5 G G. 

Let finally assume that A = Eg. The value u{a) is constant on the r-orbit of the arrow a 
whenever a G {a,a' ,S,6',£}. Then u{a) + u{T^^{a)) = in Z2 for any of these arrows. We 
easily derived from this that X(^k+i,i) = ^{k,i)j whenever i 7^ 0,3. On the other hand, if we take 
e' : (fc,0) -> (fc + 1,3), then uie') + u{T-^{e')) = 0, when fc ^ -2,-1 (mod m), and u{e') + 
w(T^^(e')) = 1, when fc = —2 or— 1 (mod m). This together with the formula for e imply that, for 
i = 0, 3, the equality Aj/j+i j) = A(/j_j) holds whenever fc ^ —2, —1 (mod m), and A(fc+i i) = — A(/j_j) 
otherwise. On the other hand, we have that ^(7) + u{t^^{j)) is equal to g + g = 0, when 
fc ^ — 1 (mod m), and is equal to g + (g + 1) = 1, when fc = — 1 (mod m). We also have that 
u{l3') + u{t^^{13')) is equal to (g + 1) + (g + 1) = 0, when fc ^ — 1 (mod m), and is equal to 
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{q + 1) + {q + 1 + 1) ^ I, when fc = — 1 (mod m). It follows that there is a exponent e(fc) G {0, 1} 
such that A(fe_4) = (— l)'^''''''A(fe_3) = \(k+i.2), which shows that X(kA) — ^p{k,i)- We easily derive 
from this and the earlier formulas that Xp(^k.i) — X{k,i)^ for a-U {k,i) G ZAq. We then get that 
Apr-'"(fc,i) = \k+m,i) = \k,i), for ah (fc,i) £ ZAo, so that A o g^^^^^ = A, for all g eG. D 

By the previous lemma, we know that dim(il^e(A)) j^ dim(A) whenever r ^ 3Z. Due to the 
existence of an automorphism /2 of A satisfying that n\„ (A) =^ Ai as A-bimodules (see proposition 
I6.3|) . in order to calculate the (n-)period of A, we just need to control the positive integers r such 
that p,^ is inner. For the sake of simplicity, we shall divide the problem into two steps. We begin 
by identifying the smallest u 6 N such that (P o f^^)" = Id\ , that is, the smallest u such that p,^ 
acts as the identity on vertices. This is the content of the next result. 

Lemma 6.10. Let A = ZA/ < ip > be an m-fold mesh algebra of extended type {A,m,t) and let 
us put u := min{r G Z+ | {P o f^^Y = IdA}. The following assertions hold: 

1. Ift^l then: 



("-) "" = gcd(m,c&) ' whenever A is A^, Da^^i or Eg; 

m 

gcd{ra.-^) ' 



(b) u — — . " c;^ X ; whenever A is T)2r, E7 or Eg. 



2. Ift = 2 then: 

("•^ " = gcd(2mZ.+ ^) ' whenever A is A2„-i, T)2r-i or Eg; 
(^) " = gcd(2m,^) ' whenever A is T>2r; 
(c) u — — ,/„ ™7 o — TTT , when A — A2,, 

I / gcd[2m—l,2n+l} ' ^'^ 

5. //i = 3 f/ieKce A = ZD4/ < pr™ >|, t/ien u = m. 

Proof. The argument that we did for i^ in the first paragraph of the proof of theorem 15.61 is also 
valid for {v o t~^Y. Then {D o f^^)'" — id\ if, and only if, (1/ o r"^)'' e G. 

When A is A2„-i, D„+i, with n + 1 odd, or Eg, the Nakayama permutation is ;/ = pT^^^\ 
where n = ^. Then (i/r^^)'" — p^r^"^. If f = 1 this automorphism is in G if, and only if, 
r = 2r' is even and r^"" = r^^"*" is equal to (r™)^ = r™^, for some v G Z. This happens 
exactly when 2717-' G mZ and the smallest r' satisfying this is u' = gj/™ 2n) - ^^ then get that 
u^2u' ^ ,f"\ . = J"" , . Suppose that t = 2. Then (vt-^Y = pV""'' is in G =< pr™ > 

gcd(m,2n) gcd(r?i,CA) -'^-^ \ / r r 

if, and only if, there is w G Z such that u = r (mod 2) and — nr = mv. This is equivalent to 
saying that there is A: G Z such that --iir = m{r + 2fc) or. equivalently, that (m + n)r G 2toZ. The 
smallest r satisfying this property is m = cd(2w"m+K) ~ ., ^"^ , £a-, ■ This proves l.a, except for 
A = A2„, and 2. a. 

Suppose next that A is D„_|_i, with n + 1 even, E7 or Eg. Then v — r^^", where n — ^, so 
that (yT~^Y = T""''. When t = 1, this automorphism is in G =< r™ > if, and only if, nr G mZ. 
The smallest r satisfying this property is m = ^/^ „\ = ^jf^^A-, - On the other hand, if t = 2 

then r~"'' is in G =< pr™ > if, and only if, there is w = 2v' G 2Z such that — nr ~ mv — 2mv'. 
The smallest r satisfying this property is m = ^^f^ „■, — — .,^"' c^x ■ This proves l.b and 2.b. 

Let now take A = A2„. Then i' — pr^'"', so that {lyr^^Y — P^t~^'^. If f = 1, this auto- 
morphism is in G =< T™ > if, and only if, r — 2r' is even and there exists v G Z such that 
p2r'^~2nr' ^ ^-(2n+i)r' jg ^^^^^ ^^ ^vav _ r^^^^ jg equivalent to Saying that (2n + l)r' G ml. The 

smallest r' satisfying this property is u' = .. "1 , ,s . We then get u — ,, ^"' , ^, — .?"' — r, 

•J ^ f f J gcd(m,2n+l) ^ gcd(?7i,2n-t-l) gcd(Tn,CA) ' 

which completes l.a. When t = 2, the automorphism p'^T~^^ is in G —< pr"^ > if, and only if, 
there exists u G Z such that v = r (mod 2) and p^'r^"^ — p'"t™'". This is in turn equivalent to the 
existence of an integer k such that p^T~^^^ = pr+2k^m(r+2k) _ pr^-k^mr+2mk _ That is, if and only 
if —nr — {2m — l)k + mr. This happens exactly when {m + n)r G {2m— 1)Z. The smallest r satisfy- 
ing this property is w = a-cd(m+n2m-i) ' But wc havc that gcd(m -|- n, 2to — 1) = gcd(2m — 1, 2ri + l), 
so that 2.C holds. 

Finally, if t = 3, and hence A = D4, then i/ = r^^, so that {lyr^^Y — t^'^^ is in G =< pr™ > 
if, and only if, there is u = 3w' G 3Z such that —3r = 3mv' . This happens exactly when r G mZ, 
which implies that u = jn in this case. D 
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Lemma 6.11. Let A be an m-fold algebra of extended type (A^, m, 2) and let T be the subgroup of 
Z consisting of the integers s such that p,^ and [vof^^Y are equal, up to composition by an inner 
automorphism of A. Then T — 2Z, when char{K) ^ 2, and T = Z, when char{K) = 2. 

Proof. We fix s > all throughout the proof and will use lemma [5^ with f — ijl^ and h = {lyor^^Y . 

Suppose first that A = A2„ and let A : ZAq — > K* be any map such that /^''(a) = '^^]i)^t(a){i^ ° 
T^^Y{a). In this case fi = k o i/ o r~^, where k is as in proposition 16.31 and this implies that 
fi%a) = {-lyiiy o T-'^Y{a), for each a G ZAi. We then get that \^l-^\t(a) = (-1)"- It follows 
that X(^k,i) = i-^Y\k,j), whenever i ^ j (mod 2), and that \r{k,i) ^ \k+i,i) = i^^)'^'' \k,i) = 
X(k,t), for all (fc, i) e ZAq. We then get that Xpr"-(k,t) = Xp(k--m,i) = >^{k-m+i~n,2n+i-i) = 
{—'i^Y '^(k-m+i-n,i) = i^^)'^ ^(k.i) ■ A_s a cousequeuce the equality A o gizAo — -^ holds, for all 
g E G =< pr"^ >, if and only if s G 2Z. That is, we have T = 2Z in this case. 

Suppose next that A = A2n-i, we have rj = v = pr^^" and p, = rj o t~^ o 'ff = i/ o t^^ o 'ff = 
p o r^" o d. We also have {i' o t^^Y = v^ ° t^'' = (pT^^")'*T^* = p* o t^"". Let us fix from now 
on a map A : ZAq — > K* such that (pr-"i?)''(a) = A;^;^)At(a)/9''T-"''(a). 

We first consider the case when m is odd. By the choice of the set X which defines the signature 
of the arrows (see proposition 14. 3p . we know that s{pT{a)) = s{a), for each a S (ZAi). On the 
other hand, we have an equality s{T^'^{a)) + s{a) = s{T^'^{a)) + s{T^'^{a)) in Z2. These two facts 
imply that d commute both with pT~^ and r^^. Therefore we have /i" — {pT~'^'dY = p^r"""-!?'*. 
It follows that (-l)«[«('^)+«(^"Ha))]pS^-n«(a) ^ (^s^-ns^s)(Q) ^ ^s(^) ^ A^:^;[j At(a)p''r-"'' (fl) , so 

that Xt(a) = (-l)''''^"^+'^^"'^°^^' Ai(Q), for all a e ZAi. If (fc, i) e ZAq and a is any arrow such that 

i(a) = (fc,i), then A(fe+i,,) - (_l)-[.s(a) + s(r-^(a))+.(a-i(a))+.(r-i.-i(a))]^^^^^^ ^ (-l)^A(fe,,) siuCC, 

by the choice of X, we have s{a) + s{T~^{a)) + s{a~^{aj) + s{T^^a~^{a)) — 1, for any a e ZAi. 
Moreover, for each arrow a which is either upward in the 'north hemisphere' or downward in the 
'south hemisphere', we have that s{a) + s{T^^{a)) = 0, and this implies that \ik,n) — -^(fe,j)i for 
all i > n, and A(fe_|_j„_j) = A(fe„), for each < j < n. It follows that Ap(j. ,) — X(k,i), for all 
{k,i) e ZAo. We then get that Xpr-rr^(k,i) = \k+niA) = (-l)'""A(fe,j). The equality A o ^i^Ao = A, 
for all g G G, holds in this case if, and only if, s is even. That is, when m is odd, we have T = 2Z. 
Suppose now that m is even. Due to the choice of the set of arrows X which defines the 
signature map (see proposition 14. 3p . if Y denotes the set of arrows a such that i{a) ^ ik,n) and 
t{a) y^ {k, n), for all fc e Z, then we know that s{a) — s{T^'^(a)) and s{a) — s{p(a)), for all a G F. 
As a consequence we have equalities 

{po'd){a) = (-l)^('^)+''(^"'("))p(a) = (-l)''(K«))+«(r-^(p(a))^(^) ^ (^op)(a), 

for all a e Y. It then follows that p'{a) = (p"T-""-7?")(a) = (-l)''['^('»)+''(^"'('^))l(p''T""''(a)) = 
(_l)«[«(a)+«(r-^(a))](j^Q^-i)s(-^)^ for each a G r. We then get that X^a) = (-l)"'''^"^+"'^^"'^"^^'A,(a), 
for all a E Y . If {k, i) is a vertex, with i ^ n, and a G y is any arrow having (k, i) as its origin, then 
A(,+i,.) = (-l)^W'^)+s(r-(a))+.(.-(a))+.(r-.-(a))]A(,_,) ^ (-l)^A(fe,,) sincc s(a) + ,s(t-i (a)) + 
s{a^^{a)) + s{T^^a^^{a)) = 1 in Z2, for any arrow a GY. 

In order to deal with the vertices (fc, n), it is convenient to introduce some terminology. The k-th 
node will consist of the vertex (fc, n) and the four arrows having it as origin or terminus. As usual, 
we will denote by q and r the quotient and rest of dividing fc by m. Note that if k is odd, then none 
of the four arrows in the node is in X. On the contrary, if k is even either the two upward arrows 
are in X or the two downward ones are in X , and exactly one of these two possibilities occurs. One 
then sees that if a has origin (k,n), then s{a) + s{T~^{a)) + s{a~^{a)) + s{T~^(j^^{a)) — 1, unless 
k = —2 (mod m), a case in which s{a) + s{T^^{a)) + s{a^^{a)) + s{T^^a^^(a)) = 0. This implies 
that if we take s = 1 and A is the associated map in this case, then X/f^^i^) = ^A^. „\, when 
k ^ —2 (mod m), and X/k+i.n) — ^(k,n) otherwise. It follows then that Ap.r™(A;,n) = ^T'^(k.n) = 
A(fc-m.n) = (^l)™^^A(j, „) ~ —X(^k,n) ^nd hence 1 is not in the subgroup T. 

If s = 2 and a is again an arrow in the fc-th node, it is convenient to rewrite the formula for 
"(9(0) as follows: 

i) '&{a) = ( — l)'^"'"^a, if a is upward and k ^ — l(mod m) or a is downward and fc = — l(mod m). 
ii) 'i?(a) = ( — l)''a, if a is upward and k = — l(mod m) or a is downward and fc ^ — l(mod m). 
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From these equalities we then get: 

iii) (/5T~"^)(a) — (— l)''+^(/9T^")(a), if a is upward and k ^ — l(mod m) or a is downward and 
h = — l(mod m). 

iv) (pr~"79)(a) — (— l)''(pT^")(a), if a is upward and k = — l(niod m) or a is downward and 
k ^ — l(mod m). 

In order to calculate the (pT~"t9)^(a), for any integer r, we will denote by q{r) the quo- 
tient of dividing r by m. We also put c{r) — 0, when r ^ — 1 (mod m), and c{r) — 1, when 
r = — 1 (mod m). Direct calculation, using the formulas iii) and iv) above, gives that i.J.'^(a) = 
(/9r-"i9)2(a) = (-l)'=('^)(pr-")2(a) = {~l)<'''>{iy o T-^)^{a), where: 

v) e(a) = {q{k) + 1) + q{k + n) + c{k) + c{k + n), when a is upward and k ^ —1 (mod m) or a 
is downward and fc = — 1 (mod m). 

vi) e(a) = (9(fc) + (<z(fc + ^i) + 1) + c(fc) + c(fc + n), when a is downward and /c ^ —1 (mod m) 
or a is upward and fc = — 1 (mod m). 

Therefore the exponent e(a) only depends on fc and we put e(fc) = e(a). We then get that 
(/9T-"6')2(a) == (-l)'=('=)T-2«(a), for ah arrows a in the fc-th node. If A : ZAq — > K* is the 
associated map for s = 2, we get that A(fc+i_„) = {—lY''^'''^'^'^^^^'' \[k,n), for each k e Z. Note that 
e(fc) + e(fc + l) = [g(fc) + g(fc + n)+g(fc + l) + g(fc + l + n)] + [c(fc)+c(fc + n) + c(fc + l)+c(fc + l+n)]+2 
and that, for each integer r, one has J2o<j<m c{r+j) = 1- It follows that X]o<i<m[s(^ + i) + ^(''' + 
J + ^)]^Eo<j<m[li''+j)+<lik+^+j)]+Eo<j<m[<lik + J + n) + qik+l+3 + n)]mZ2. But we 
always have q{r) — q{r + 1), unless r = —1 (mod m), a case in which q{r + 1) = (/(r) + 1. It follows 
that the equality Eo<j<m [Qik + j) +q{k + l+j)] = I = Eo<j<r„ feC^ + J + ri) + q(fc + 1 + j + n)] , 
and hence also '^f)^j^„-^[e{k + j) + e{k + j + I)] =0, is true in Z2. As a consequence, we have that 

Apr-"(fc,n) = Afc+,„,„ = (-l)^o<,<,„[e(fc+j)+'^(fe+J+i)lA(fe„) = A(fc,„). It follows that A is a constant 
map, so that the equality A o gzAo — -^ holds, for all g G G. Therefore s = 2 is in the subgroup T. 

n 

We are now ready to describe explicitly the period of any m-fold mesh algebra. 

Theorem 6.12. Let A be an m-fold mesh algebra of extended type {A,m,t), where A ^ Ai, A2, 
let -K = 7r(A) denote the period of A and, for each positive integer k, denote by 02(fc) the biggest of 
the natural numbers r such that 2^ divides k. If char(K) = 2 then n = 3m, where u is the positive 
integer of lemma \6.10[ When char{K) ^ 2 , the period of A is given as follows: 

1. Ift = l then: 

(a) When A is Ar, D2r-i or Eg, the period is tt — — ^^ — 



gcd(rn,c^) 

(b) When A is T)2r, E7 or Eg, the period is n = — ,/'^™^a ■, ; when m is even, and n 
TTST, when m is odd. 



gcd{m,-^ 

2. // i == 2 then: 

(a) When A is A2„-.i, T>2r-i or Eg, the period is g^^(^2m'^+^) ' ^^^^ 02{m) ^ 02{^), 



id TT — — 377; — " , ^A N otherwise. 

gca{2m.7n-\- -^ } 



(b) When A — D2r, the period 



IS 



Gm 6m 



gcd{2m,^) gcd{2m,2r-l) ' 



(c) When A = A2„, i.e. A = L„ \ the period is n ^ gcrf(2m-i,2n+i 
3. If t = '3 then tt = 3to, when m is even, and 6m, when m is odd. 
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Proof. Let u > be the integer of lemma lG.lOl Then uZ consists of the integers r such that D^ = f^ , 
or equivalently {D o f^^Y — idA, as automorphisms of A. If tt is the period of A, then, by lemma 
I6.9| we know that tt = 3w, where v is the smallest of the integers s such that /x** G Inn(A). These 
integers s obviously form a subgroup S = S{A, m, t) of Z, and then vX = S. This subgroup is the 
intersection of uL with the subgroup T consisting of the integers r such that jT and {v o f~^Y are 
equal, up to composition by an inner automorphism of A. When (A, m, t) = (A^, m, 2), by lemma 
16.111 we get that wZ = uL n 2Z, when char(i4r) ^ 2, and uZ ~ uL n Z = mZ, when char(_?i') = 2. 
This automatically gives 2.c and the part of characteristic 2 in this case. We claim that it also 
gives the formula in 2. a for A = K.2n-\- Indeed, by lemma IB. 10[ we have u = cA{'imm+n\ ^'^ ^^^ 
case. But the biggest power of 2 which divides 2m is a divisor of gcd(2?77,, tti + n) if, and only if, 
02{m) — 02(71). Then the equality 2. a for A2„_i follows automatically. 

When (A,r7T,,i) ^ (A^,™, 2), by proposition 16.31 and the subsequent remark, we can take 
/2 = fj o f~^. Then condition 2 of lemma 16.91 implies that S consists of the integers s such 
that 77* and f*' are equal, up to composition by an inner automorphism of A. We then get that 
S = uZ n iJ(A, ?Ti, i) (see proposition 15. 5p . Therefore proposition 15.51 tells us that v — u, when 
either H{A,m,t) — Z or m is even, and v = 2u otherwise. We next check that this fact together 
with proposition 15.51 give all the remaining formulas of the theorem and, obviously, it completes 
the assertion for characteristic 2. 

For the quivers A in l.a we always have that H{A,m,t) = Z when A — A^, and also in the 
other two cases when m is even. But if m is odd then automatically u = ,J™ — 7 is even. 

•^ gcd(rn,CA) 

For the quivers in l.b, we always have that n = ^ is odd. Therefore u is even exactly when 
m is even. 

For the quivers in 2. a which are not A2„-i, we have that H{A,m,t) = Z exactly when m 
is odd. But ^ is even, so that 02{'m) ^ 02(^) in that case. As we did above in the case 
(A,TO,t) = (A2„_i,r7T., 2), in case m even, we have that u = — ., ^"^ g ^r is odd if, and only if, 

02(771) = 02(^). Then the formula in 2. a is true also for the cases different from A2„-i. 

For 2.b, we have that ^ is odd, which implies that u is always even, and then the formula in 
2.b is true. 

Finally, when t = 3, we have that H{A, m, t) = Z, exactly when m is even, and then the 
formula in 3) is automatic. 

D 

6.4 The stable Calabi-Yau dimension of an m-fold mesh algebra 

In case A is a self-injective algebra, the Auslander formula (see [5], Chapter IV, Section 4) says 
that one has a natural isomorphism D Horri jylX. —) = Ext\{—,TX), where r :a mod — >\ mod 
is the Auslander-Reiten (AR) translation. Moreover, t = fi^A/", where Af = DHom,A{—,A.) = 
D{A) Oa — '■ fjnod — > ^mod is the Nakayama functor (see [5]). As a consequence, as shown 
in |14) . the stable category A mod has CY-dimension m if and only if m is the smallest natural 
number such that fi^"*"^ = M = ^-i(— ) (equivalently, fi™'*'^ = f;(~)) as triangulated functors 
A mod — > \ niod , where 77 is the Nakayama automorphism of A. We shall say that A is stably Calabi- 
Yau when A — mod is a Calabi-Yau triangulated category. The minimal number m mentioned above 
will be then called the stable C'alabi- Yau dimension of A and denoted CY — dim(A) . 

Due to the fact the functor D,j^ : A — mod — > A — mod is naturally isomorphic to the functor 
ri^c(A)(g)A — , for all integers d, a sufficient condition for A to be stably Calabi-Yau is that J7y^t^( A) = 
^Ai as A-biniodules. An algebra satisfying this last condition is called Calabi-Yau Frobenius in 
[17j and the minimal d satisfying this property is called the C'alabi- Yau Frobenius dimension of A. 
We will denote it here by CYF - dim(A). We always have CY - dim(A) < CYF - dim(A), but, in 
general, it is not known if equality holds. We discuss now this problem for 771-fold mesh algebras. 

Note that, by [27 [Theorem 1.8], the functor fl^^ : A— mod — > A— mod is naturally isomorphic 
to rj{~) '■ A — mod — > A — mod if, and only if, ft^ (A) and ipfjAi are isomorphic A-bimodules, for 
some stably inner automorphism ip of A. 

We are now able to calculate the stable and Frobenius Calabi-Yau dimension of self-injective 
algebras of Loewy length 2. 

Proposition 6.13. Let A be a connected self-injective algebra of Loewy length 2. Then A is always 
a stably Calabi- Yau algebra and the following equalities hold: 
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1. If char(K) = 2 or A = A^"^ i.e. \Qq\ is even, then CY - dim{A) = CYF - dim(A) = 0. 

I and A ~ 
2m- 1 = \Qo\ 



2. If char{K) ^2 and K^ L^"\ i.e., |Qo| odd, then CY - dim{A) ^ and CYF - dim{K) 



Proof. By proposition 16. 7[ we know that 57 ^t^ (A) is isomorphic to ^k+iAi, for each fc > 0. Then 
CY — dim(A) is the smallest of the natural numbers k such that fi'^^^fj^^ is stably inner, which is 
equivalent to saying that p,''~^^fj~^ fixes the vertices. Similarly, CYF — dim(A) is the smallest of 
the k such that /i'^+^fy"^ is inner. Due to the fact that A is an m-fold mesh algebra of type A2, a 
(graded) Nakayama automorphism oi A is ly — pr^^^ — p (see theorem 15.21 and proposition 14. ip . 
It follows that the graded Nakayama automorphism 77 of A maps i ~~> z + 1 and Oj ~~> aj+i, when 
we identify Qq ^ Tin- It follows that fifj"^ fixes the vertices and, hence, it is stably inner. This 
shows that CY - dim(A) = 0. 

More generally, p,'^'^^fj~^ fixes the vertices if, and only if, i + fc + l = z + l (mod n), for each 
z G Z„. That is, if and only if fc € nZ. Suppose that this property holds and consider the map 
X ■ Qi — > K* taking constant value (-1)'''+^ We clearly have p!'^^ T^~^ {ai) ~ {-l^^^ai = 
x(ai)aj, for each i G Z„. But x is an acyclic character if, and only if, either char(_ftr) = 2 or 
Y\i<i<nX{0'i) — (— !)(*=+!)" is equal to 1. So, when char(_?C) = 2, the automorphism p,''^^fj~^ is 
inner for any value of fc. In particular, CYF — dim(A) — in such case. 

Suppose that char(iir) y^ 2. By proposition 16.71 we get that p,'''^^fj~^ is an inner automorphism 
if, and only if, (fc + l)n is even. This is always the case when n is even, and in such case CYF — 
dim(A) = 0. If n = 2m — 1 is odd then fc + 1 should be even and the smallest fc G nZ satisfying 
this property is fc = n. Then CYF — dim(A) = n = 2m — 1 in this case. 

□ 

We also have: 

Proposition 6.14. Let A be an m-fold mesh algebra of Dynkin type A different from Ar, for 
r — 1,2,3. Then A is stably Calabi-Yau if, and only if, it is Calabi-Yau Frobenius. In such case 
the equality CY — dim(A) — CYF — dim(A) holds. 

Proof. By CoroUarv 14.21 we know that the Loewy length of A is ca — 1, where ca is the Coxeter 
number. The Dynkin graphs A = A^, with r = 1, 2, 3, are the only ones for which ca — 1 < 3. So 
A has Loewy length > 4 in our case. Note that if 51 ^t^ (A) is isomorphic to a twisted bimodule 
ipAi, then we have dim(r2^1'^(A)) = dim(A). By lemma [6791 we know that then fc + 1 G 3Z. 

If there is a fc such that fl^ (A) = i^fjAi, for some inner or stably inner automorphism ip, 
then fc = 3s — 1, for some integer s > 0. But we know that ri^e(A) ^ fiAi, where /2 is a graded 
automorphism of A. We then have that r2^'L(A) ^ ^fj Ai, for some stably inner (resp. inner) 
automorphism ip if, and only if, p.'^fi~^ is a stably inner (resp. inner) automorphism of A. The 
proof is finished using lemma l676l since fi'^fj^^ is a graded automorphism. D 

The proof of last proposition shows that if A is not of type A^ (r — 1,2), then the algebra A 
will be stably Calabi-Yau (resp. Calabi-Yau Frobenius) if, and only if, there exists an integer s > 
such that fl''fj~^ is stably inner (resp. inner). A necessary condition for this is that fl^fj~^ fixes 
the vertices. So, as a first step to characterize the stably Calabi-Yau (resp. Calabi-Yau Frobenius) 
condition of A, we shall identify the positive integers s such that /x" and fj have the same action 
on vertices. 

Definition 14. Let A be an m-fold mesh algebra of type A ^ Ai, A2, with quiver Q. We will 
define the following sets of positive integers: 

1. Ncy(A) consists of the integers s > such that p,'^ and fj have the same action on vertices. 

2. Ncy{A) consists of the integers s > such that p.'^fj^^ is an inner automorphism. Equiva- 
lently, it is the set of integers s > such that fl^l, (A) is isomorphic to ^Ai as a A-bimodule. 

Remark 6.15. Under the hypotheses of last definition, we clearly have Ncf(A) C Ncf(A). 
Moreover A is Calabi-Yau Frobenius if, and only if, Ncy(A) 7^ 0. In this latter case we have 
CYF — dim{A) = 3r — 1, where r — 77im(Ncy (A)), and this number is equal to CY — dim{A) when 
A =^ A3. Note also that i/Ncy(A) = Ncy(A) =^ then CY - dim{A) = CYF - dim{A) since the 
fact that p.^fj^^ be stably inner implies that s G Ncy(A). 
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We first identify Ncy(A) for any rn-fold mesh algebra of Loewy length > 2. 

Proposition 6.16. Let K be an m- fold mesh algebra of extended type (A, m,t), where A ^ Ai , A2 . 
The following assertions hold: 

1. When t = 1, the set Ncy(A) is nonempty if, and only if, the following condition is true in 
each case: 

(a) gcd{m, c/^) — I, when A is A,.. D2r-i or Eg. Then Ncf(A) = {s = 2s' + 1 : c^s' = 

— 1 (mod m)} 

(b) gcd{m, ^) = I, when A is D2,., E7 or Eg. Then Ncy(A) = {s > : ^{s - 1) = 

— 1 (mod m)}. 

2. When t — 2, the set Ncf(A) is nonempty if, and only if, the following condition is true in 
each case: 

(a) gcd{2ni,m + ^) = 1, when A is A2„-i, T>2r-i or Eg. Then Ncy(A) = {s > : 
(to + ^)(s — 1) = —1 (mod 2m)}, and this set consists of even numbers. 

(b) gcd{m, ^) = gcd{m,,2r -!)==!, ivhen A = Dsr- Then Ncr(A) = {s > : (2r - 
l)(s — 1) = —1 (mod 2m)} and this set consists of even numbers. 

(c) gcd{2m - 1, 2n + !) = !, when A = A2„. Then Ncy(A) = {s > : (to + n){s - 1) = 
-1 (mod 2m- 1)}. 

3. Ift = 3 (and hence A = B^), then Ncy(A) = 0. 

Proof. Note that p, acts on vertices as i^T""'^, where v is the Nakayama permutation and r the 
Auslander-Reiten translation of B. Viewing the vertices of the quiver of A as G-orbits of vertices 
in ZA, we get that s is in Ncy(A) if, and only if, (i/f~^)*([(fc,i)]) = P([(fc, i)]), equivalently 
r'''~^f~^{[{k, i)]) = [{k, i)], for each G-orbit [(fc, i)]. Now the argument in the first paragraph of the 
proof of theorem l5.6l can be applied to the automorphism z/'*~^r~*. We then get that s G Ncy(A) 
if, and only if, i/^^^r^'* g G. We use this to identify the set Ncy(A) for all possible extended 
types, and the result will be derived from that. 

If i = 3 and so A = D4, then wc know that i/ = t^^. It follows that s G Ncy(A) if, and only 
if, r^^('*^^V^'* — (/9T™)'', for some q d I^, where p is the automorphism of order 3 of D4. By the 
free action of the group < p, r > on vertices not fixed by p, necessarily q g 3Z and 2 — 3s = mq, 
which is absurd. Then assertion 3 follows. 

Suppose first that A 7^ A2„. If A is A2„-i, D2r-i or Eg, then 1/ = pT^~^, where n = ^. 
Then ly'-^-'' = pS-i^(i-«)(s-i)^-s ^ ^s-i^-[n(s-i)+i]_ ^Vj^^^^ t = 1, we have that G =< 
T™ > and, hence, the automorphism ly'^^^r^^ is in G if, and only if, there is q G Z such that 
/9'*~^T~["*^''^^^+^1 = (r™)'?. This happens if, and only if, s — 1 = 2s' is even and there is g G Z such 
that —2ns' — 1 = — n(s — 1) — 1 is equal to mq. Therefore s exists if, and only if, gcd(TO, ca) = 
gcd(m, 2n) = 1. In this case Ncy(A) = {s = 2s' + 1 > : 2ns' ee -1 (mod m)} = {s = 2s' + 1 : 
CAs' = —1 (mod m)}, which gives l.a, except for the case A = A2„. On the other hand, if i = 2, 
and hence G =< pr™ >, then the automorphism iy''~^T~^ is in G if, and only if, there is an integer 
q such that q = s — I (mod 2) and p''^ir^["(''^^^+^l = piT"^i or, equivalently, —n{s — 1) — 1 == mq. 
But this happens if, and only if, there is /c G Z such that —n{s — 1) — 1 = m{s — 1 + 2k), which 
is equivalent to saying that (to + n){s — 1) + 2toA: +1 = 0. Therefore s exists if, and only if, 
gcd(2TO, TO + ^) = gcd(2TO, TO + n) = 1. In this case Ncy(A) = {s > : (to + ^)(s - 1) = 
— 1 (mod 2m)} and this proves 2. a. 

Suppose next that A is T)2r, E7 or Eg, so that v ~ r^^", where n — ^. Then i/^^^r^* = 
^{i-n){s-i}^-s ^ ^-[n(s-i)+i] -yyi^gjj t ^ 1, this automorpMsm is in G =< t™ > if, and only if, 
there is g G Z such that — n(s — 1) — 1 = mq. Then s exists if, and only if, gcd(TO, ^) = gcd(TO, n) = 
1. In this case Ncy(A) = {s > : ^(s — 1) = —1 (mod m), which proves l.b. When t = 2, whence 
A — D2r, the automorphism i/'^^^t^'' is in G =< pr™ > if, and only if, there is an even integer 
q ~ 2q' such that —n{s — 1) — 1 = 2mq' . Then s exists if, and only if, gcd(2TO,n) = 1. But 
n = 2r — 1 is odd in this case. Then gcd(2TO, n) = 1 if, and only if, gcd(m, 2r — 1) = gcd(TO, n) = 1. 
On the other hand, note that s — 1 is necessarily odd, which implies that Ncy(A) C 2Z. This 
completes the proof of 2.b. 

51 



Suppose now that A — A2„, so that p^ ~ r^^ . Here v — pr^^" and v'^^^t^^ — p'^^ir'^^")'*"^)"^ 

— p*^ir^["*^*^^^+^l. When i—\, this automorphism is in G —< r™ > if, and only if, s — 1 = 2s' 
is even and t^^ ^-(2ns +i) _ (r'")^, for some integer q. That is, s exists if, and only if, there 
are s' > and q £ Z such that mq + (2n + l)s' + 1 = 0. Therefore s exists if, and only if, 
gcd(m, ca) = gcd(m, 2n + 1) = 1. In this case s = 2s' + 1, where s' > and cas' — (2n + l)s' = 

— 1 (mod m). This completes l.a. When t = 2 the automorphism i/^^^r^'* is in G =< pr"^ > 
if, and only if, there is g G Z such that q = s-l (mod 2) and p^-ir-["('*-i)+il = p^r^^. This 
is equivalent to the existence of an integer k such that p'^^'^r^^'^'^'^^^'^^^^ = pS-i+2fe^m(s-i+2fe)_ 
Canceling p^~^, we see that the condition is equivalent to the existence of an integer k such that 
— n(s — 1) — 1 = m[s — 1) + (2to— 1)A: or, equivalently, such that {ra + n){s — 1) + {2m— 1)A: + 1 = 0. 
Then s exists if, and only if, gcd(?7i + n,2m — 1) = 1, which is turn equivalent to saying that 
gcd(2m — 1, 2n + 1) = 1 since {2m — 1) + (2n + 1) = 2{m + n). This proves 2.c and the proof is 
complete. D 

We now want to identify Nc'y(A). The following is our crucial tool. 

Lemma 6.17. Let A be a Dynkin quiver different from Ai, A2, B be its associated mesh algebra, 
A = B/G be an m-fold mesh algebra of extended type (A,?7i,i) and let rj he a G-invariant graded 
Nakayama automorphism of B . If s is an integer in Ncy(A), then the following assertions are 
equivalent: 



1. s is in Ncy(A) (see definition [7^ 

2. There is a map A : ZAq — > K* such that: 

(a) p^{a) ~ ATj^s At(Q)77(:^*~"'^T~^(a)), for all a G (ZA)i, where p is the graded automorphism 
of proposition 1 6. SX 

(b) A o gi^Ao = ^. for all g EG. 

If {A,G) ^ (A2ri-i,< pT™ >), then these conditions are also equivalent to: 

3. There is a map A : ZAq — > K* satisfying condition 2.h and such that {—lYri'^^^{a) = 
K[a)Ma)^"^\o)' for all a G (ZA)i. 

If {A,t) ^ (Ar,2) then the conditions are also equivalent to 

4-. s — 1 is in II{A,m,t) (see vrovosition \5.5\) . 

Proof. The first paragraph of the proof of proposition 16.161 says that s G Ncy (A) if, and only if, 
v'^^^T^^ G G. The goal is to give necessary and sufficient conditions on such an integer s so that p** 
and f] = rjv'^^^T^'' are equal, up to composition by an inner automorphism of A. But the actions 
of p" = (fc o ?y o T^^ o -dy and 77 o v''^^ o r^" on (ZA)o are equal. By lemma [5^ we then get that 
assertions 1 and 2 are equivalent. 

When (A,G) ^ (A2n-i,< pT™ >), what we know is that -d = ids and, by lemma [6^ we 
know that fj and f~^ commute, up to composition by an inner automorphism of A. Then s 
is in Ncy(A) if, and only if, k'^fj'^f~'^ and fjD'^~^f~^ are equal up to composition by an inner 
automorphism of A. By lemma \5A[ this last condition is equivalent to saying that there is a map 
A : ZAq — > K* satisfying 2.b such that {—l)''ri^{T^''{a)) = XT'.\Xt(a)V{'^''^^'''^'^{a)), for each 

a G (ZA)i. Putting b = T~''{a) and defining A : (ZA)o — > K* by the rule A(i) = A(T''(i)), we get 
that {—iyri^~^{b) = AT^jJ-. Aj(b)i^*~^(&), for all b G (ZA)i. Then assertions 2 and 3 are equivalent. 

Finally, when (A,t) 7^ (Ar,2), proposition 16.31 savs that we can choose p — rj o t~^ since 1} 
is the identity map. Then the proof of the equivalence of assertions 2 and 3, taken for k = ids, 
shows that assertion 2 holds if, and only if, there is a map A : ZAg — > K* satisfying condition 
2.b and such that ri'^^^{b) — Aj^jj>At(b)i^'*^^(fe), for all b G (ZA)i. This equivalent to saying that 
s-le H{A,m,t). a 

The following is now a consequence of proposition 16 . 16l and the foregoing lemma. 
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Corollary 6.18. Let A be an m-fold mesh algebra over a field of characteristic 2, with A ^ Ai. 
The algebra is stably Calabi-Yau if, and only if, it is Calabi-Yau Frobenius. When in addition 
A ^ A2,, this is in turn equivalent to saying that Ncy(A) ^ 0. Moreover, the following assertions 
hold: 

1. When the Loewy length of A is < 2, i.e. A = A2, the algebra is always Calabi-Yau Frobenius 
and CY - dim{A) = CYF - dim{K) = 0. 

2. When A 7^ A2, we have CY - dim{A) = CYF - dim{A) = 3m - 1, where m = min(NcY{A)) 
(see vrovosition 1 6. 1 &j) . 

Proof. The case of Loewy length 2 is covered by proposition 16.131 So we assume A ^ A2 in the 
sequel. If A is stably Calabi-Yau, then Ncy(A) 7^ 0. But, when char(ii') — 2, the G-invariant 
graded Nakayama automorphism of theorem 15.21 is rj — v. In addition, the automorphisms i? and 
K of proposition 16.31 are the identity. Then, in order to prove the equality Ncr(A) = Ncr(A), one 
only need to prove that if s G Ncy(A) then condition 4 of last lemma holds. But this is clear, by 
taking as A any constant map. D 

We are now ready to give the precise criterion for m-fold mesh algebra to be stably Calabi-Yau, 
and to calculate CY — dim(A) in that case. 

Theorem 6.19. Let us assume that char(K) ^ 2 and let A be the m-fold mesh algebra of extended 
type {A,m,t), where A ^ Ai, A2. We adopt the convention that if a,b,k are fixed integers, then 
au = b (mod k) means that u is the smallest positive integer satisfying the congruence. The algebra 
is Calabi-Yau Frobenius if, and only if, it is stably Calabi-Yau. Moreover, we have CYF—dim{A) = 
CY — dim{A) and the following assertions hold: 

1. Ift = l then 

(a) When A is A^, D2r-i or Eg, the algebra is stably Calabi- Yau if, and only if, gcd{m, ca) = 
1. Then CY — dim(A) = 6u + 2, where c/^u = — 1 (mod m). 

(b) When A is T)2r, E7 or Eg, the algebra is stably Calabi-Yau if, and only if, gcd{m, ^) = 
1 . Then: 

i. CY — dim{A) = 3u -I- 2, where ^u = — 1 (mod m), whenever m is even; 
ii. CY — dim{A) = 6m -I- 2, where c\u = — 1 (mod m), whenever m is odd; 

2. Ift^2 then 

(a) When A is A2,i-i, D2r-i or Eg, the algebra is stably Calabi-Yau if, and only if, 
gcd{2m, m -f ^) = 1. Then CY - dim{A) = 3u -|- 2, where (m -f ^-)u = -1 (mod 2m). 

(b) When A = T)2r, the algebra is stably Calabi-Yau if, and only if, gcd{m, 2r — 1) = 1 and 
m is odd. Then CY — dim(A) — 3u + 2, where (2r — l)u = —1 (mod 2m). 

(c) When A — Pi.2n, the algebra is stably Calabi-Yau if, and only if, gcd{2m~l,2n + l) = 1. 
Then CY — dim{A) = 6u — 1, where (m -I- n)(2u — 1) = — 1 (mod 2m- 1) 

3. If t = 3 then the algebra is not stably Calabi-Yau. 

Proof. By proposition 16.141 we know that, when A 7^ A3, the algebra A is stably Calabi-Yau if, 
and only if, it is Calabi-Yau Frobenius and the corresponding dimensions are equal. From our 
arguments below it will follow that, when A = A3, we always have Ncy(A) = Ncy(A), and then 
CY — dim(A) — CYF — dim(A) also in this case (see remark [6. ISp . 

Our arguments will give an explicit identification of Nc'y(A) in terms of N(7y(A). Then CY — 
dim(A) will be 3v — 1, where v — min(Ncy(A)). 

From propositions 16.16] and 16 . 14l we know that, when t — 3, the algebra is never stably Calabi- 
Yau. So we assume in the sequel that t ^ 3. 

Suppose first that (A, m,i) ^ {Ar,m,2). Then lemma ISTTl teUs us that Ncy(A) = Ncy(A) n 
{H{A,m,t) -1-1), where H{A,m,t) + 1 ^ {s e Z : s - 1 e H := H{A,m,t)}. By proposition [g31 
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we get in these cases that the equahty Ncy(A) = Ncy(A) holds whenever m + 1 is odd. We now 
examine the different cases: 

l.a) If A = Ar then H = Z. When A is D2r-i or Ee, the Coxeter number ca is even. 
If Ncy(A) ^ then gcd(m,CA) = 1, so that m is odd and H = 2Z. But then Ncf(A) = 
N(7r(A) n (2Z + 1), which is equal to Ncy{A) due to proposition 16.161 So A is stably Calabi- 
Yau if, and only if, gcd(7TT-,CA) — 1- Then CY — dim(A) = 3(2m + 1) — 1 = 6m + 2, where 
2m +1 = min(Ncy(A)). 

l.b) We need to consider the case when m is odd. In this case Ncy(A) = Ncy(A) n (2Z + 1) 
is properly contained in N(7y(A). However, we claim that if Ncy(A) ^ then Ncy(A) ^ 0, 
which will prove that A is stably Calabi-Yau if, and only if, gcd(m, ^) — 1 using proposition 
16.161 Indeed, we need to prove that if gcd(m, ^) — 1, then there is an integer m' > such that 
2m' + 1 e Ncy(A) or, equivalently, that ^(2m' + 1 — 1) = — 1 (mod m). But this is clear for if m 
is odd then also gcd(m, ca) = 1. Now the formulas in l.b.i) an l.b.ii) come directly from putting 
s = M + 1 and s = 2m + 1 and use the fact that ^(s — 1) = — 1 (mod m). 

2. a) Suppose first that A is D2,-i or Eg. In this case ^ is even. Then gcd(2m, m + ^) = 1 
implies that m is odd and, hence, that _ff = Z. So in this case Ncy(A) = Ncy(A) and the formula 
for CY — dim(A) comes from putting s = 1 + m, where (m + ^)u = — l(mod 2m). 

Suppose next that (A,m, i) — (A2„-i,m, 2), i.e. A = B„ . Here 7] = i/. Then condition 2 of 
lemma r6.17l can be rephrased by saying that /l* and {D o f~^Y are equal, up to composition by 
an inner automorphism of A. This proves that Ncy(A) = Ncy(A) n 2Z due to lemma [6.111 But 
proposition 16.161 tells us that then Ncy(A) = Ncf(A). The formula for Cy — dim(A) is calculated 
as in the other two quivers of 2. a. 

2.b) If Ncy (A) ^ then gcd(m,2r-l) = 1. If m is odd then 7? = Z. If m is even, then i/ = 2Z 
which implies that Ncy (A) = Ncy (A) fl (2Z +1). But this is the empty set due to proposition 
16.161 The formula for CY — dim(A) in the case when m is odd follows again from putting s — 1 = m 
and (2r — 1)m = — 1 (mod 2m). 

2.c) It remains to consider the case (A,m,i) — (A2„,m, 2), i.e. A = L„ '. We use condition 
3 of lemma [6.171 If A : ZAq — > K* is any map such that {—iyri'^^^{a) = \Z^-.Xt(a)'^'^^^iO'), 
then Aj^\At(Q) = ( — I)'* since 77*^^(0) = h''^^^{a), for all a G (ZA)i. It follows that \(k.i) = 
(-l)^A(fcj), whenever i ^ j (mod 2), and that Xr(kA) = ^(fc+i,*) = i-^)'^" ^ik,i) = ^{k,i.), for all 
{k,i) e ZAq. We then get that Xpr^(^k,^) = >^p{k+7n,i} = \k+m+'i.-n,2n+i-i) = {-^y\kA)- As a 
consequence the equality A o g\zAo — ^ holds, for all 5 G G =< pr™ >, if and only if s G 2Z. It 
follows that Ncy (A) = Ncy (A) n 2Z. We claim that if Ncy (A) ^ then Ncy (A) ^ 0, which 
implies that A is stably Calabi-Yau exactly when gcd(277i — 1, 2n + 1) = 1, using proposition [OH 
Indeed, using the description of this last proposition, we need to see that the diophantic equation 
(to + n){2x — 1) + (2to, — l)y + 1 has a solution. But this is clear since gcd(2(m + n), 2m — 1) = 1. 
The formula for CY — dim(A) is now clear. D 
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